Theoretical Aspects of Massive Gravity by Hinterbichler, Kurt
Theoretical Aspects of Massive Gravity
Kurt Hinterbichlera,1
a Center for Particle Cosmology, Department of Physics and Astronomy,
University of Pennsylvania, 209 South 33rd Street,
Philadelphia, PA 19104, USA
Abstract
Massive gravity has seen a resurgence of interest due to recent progress which
has overcome its traditional problems, yielding an avenue for addressing important
open questions such as the cosmological constant naturalness problem. The possibility
of a massive graviton has been studied on and off for the past 70 years. During
this time, curiosities such as the vDVZ discontinuity and the Boulware-Deser ghost
were uncovered. We re-derive these results in a pedagogical manner, and develop the
Stu¨kelberg formalism to discuss them from the modern effective field theory viewpoint.
We review recent progress of the last decade, including the dissolution of the vDVZ
discontinuity via the Vainshtein screening mechanism, the existence of a consistent
effective field theory with a stable hierarchy between the graviton mass and the cutoff,
and the existence of particular interactions which raise the maximal effective field
theory cutoff and remove the ghosts. In addition, we review some peculiarities of
massive gravitons on curved space, novel theories in three dimensions, and examples
of the emergence of a massive graviton from extra-dimensions and brane worlds.
1E-mail address: kurthi@physics.upenn.edu
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1 Introduction
Our goal is to explore what happens when one tries to give the graviton a mass. This is a
modification of gravity, so we first discuss what gravity is and what it means to modify it.
1.1 General relativity is massless spin 2
General relativity (GR) [1] is by now widely accepted as the correct theory of gravity at low
energies or large distances. The discovery of GR was in many ways ahead of its time. It was
a leap of insight, from the equivalence principle and general coordinate invariance, to a fully
non-linear theory governing the dynamics of spacetime itself. It provided a solution, one
more elaborate than necessary, to the problem of reconciling the insights of special relativity
with the non-relativistic action at a distance of newtonian gravity.
Had it not been for Einstein’s intuition and years of hard work, general relativity
would likely have been discovered anyway, but its discovery may have had to wait several
more decades, until developments in field theory in the 1940’s and 50’s primed the culture.
But in this hypothetical world without Einstein, the path of discovery would likely have been
very different, and in many ways more logical.
This logical path starts with the approach to field theory espoused in the first volume
of Weinberg’s field theory text [2]. Degrees of freedom in flat four dimensional spacetime are
particles, classified by their spin. These degrees of freedom are carried by fields. If we wish
to describe long range macroscopic forces, only bosonic fields will do, since fermionic fields
cannot build up classical coherent states. By the spin statistics theorem, these bosonic fields
must be of integer spin s = 0, 1, 2, 3, etc. A field, ψ, which carries a particle of mass m,
will satisfy the Klein-Gordon equation ( −m2)ψ = 0, whose solution a distance r from a
localized source goes like ∼ 1
r
e−mr. Long range forces, those without exponential suppression,
must therefore be described by massless fields, m = 0.
Massless particles are characterized by how they transform under rotations transverse
to their direction of motion. The transformation rule for bosons is characterized by an
integer h ≥ 0, which we call the helicity. For h = 0, such massless particles can be carried
most simply by a scalar field φ. For a scalar field, any sort of interaction terms consistent
with Lorentz invariance can be added, and so there are a plethora of possible self-consistent
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interacting theories of spin 0 particles.
For helicities s ≥ 1, the field must carry a gauge symmetry if we are to write interactions
with manifest Lorentz symmetry and locality. For helicity 1, if we choose a vector field Aµ to
carry the particle, its action is fixed to be the Maxwell action, so even without Maxwell, we
could have discovered electromagnetism via these arguments. If we now ask for consistent
self interactions of such massless particles, we are led to the problem of deforming the action
(and possibly the form of the gauge transformations), in such a way that the linear form of
the gauge transformations is preserved. These requirements are enough to lead us essentially
uniquely to the non-abelian gauge theories, two of which describe the strong and weak forces
[3].
Moving on to helicity 2, the required gauge symmetry is linearized general coordinate
invariance. Asking for consistent self interactions leads essentially uniquely to GR and full
general coordinate invariance [4, 5, 6, 7, 8, 9, 10] (see also chapter 13 of [2], which shows how
helicity 2 implies the equivalence principle). For helicity ≥ 3, the story ends, because there
are no self interactions that can be written [11] (see also chapter 13 of [2], which shows that
the scattering amplitudes for helicity ≥ 3 particles vanish).
This path is straightforward, starting from the principles of special relativity (Lorentz
invariance), to the classification of particles and fields that describe them, and finally to their
possible interactions. The path Einstein followed, on the other hand, is a leap of insight and
has logical gaps; the equivalence principle and general coordinate invariance, though they
suggest GR, do not lead uniquely to GR.
General coordinate invariance is a gauge symmetry, and gauge symmetries are redun-
dancies of description, not fundamental properties. In any system with gauge symmetry,
one can always fix the gauge and eliminate the gauge symmetry, without breaking the phys-
ical global symmetries (such as Lorentz invariance) or changing the physics of the system
in any way. One often hears that gauge symmetry is fundamental, in electromagnetism for
example, but the more correct statement is that gauge symmetry in electromagnetism is
necessary only if one demands the convenience of linearly realized Lorentz symmetry and
locality. Fixing a gauge will not change the physics, but the price paid is that the Lorentz
symmetries and locality are not manifest.
On the other hand, starting from a system without gauge invariance, it is always
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possible to introduce gauge symmetry by putting in redundant variables. Often this can be
very useful for studying a system, and can elucidate properties which are otherwise difficult
to see. This is the essence of the Stu¨kelberg trick, which we will make use of extensively
in our study of massive gravity. In fact, as we will see, this trick can be used to make any
lagrangian invariant under general coordinate diffeomorhpisms, the same group under which
GR is invariant. Thus general coordinate invariance cannot be the defining feature of GR.
Similarly, the principle of equivalence, which demands that all mass and energy grav-
itate with the same strength, is not unique to GR. It can be satisfied even in scalar field
theories, if one chooses the interactions properly. For example, this can be achieved by it-
eratively coupling a canonical massless scalar to its own energy momentum tensor. Such
a theory in fact solves all the problems Einstein set out to solve; it provides a universally
attractive force which conforms to the principles of special relativity, reduces to newtonian
gravity in the non-relativistic limit, and satisfies the equivalence principle2. By introduc-
ing diffeomorphism invariance via the Stu¨kelberg trick, it can even be made to satisfy the
principle of general coordinate invariance.
The real underlying principle of GR has nothing to do with coordinate invariance
or equivalence principles or geometry, rather it is the statement: general relativity is the
theory of a non-trivially interacting massless helicity 2 particle. The other properties are
consequences of this statement, and the implication cannot be reversed.
As a quantum theory, GR is not UV complete. It must be treated as an effective field
theory valid at energies up to a cutoff at the Planck mass, MP , beyond which unknown
high energy effects will correct the Einstein-Hilbert action. As we will discuss in Section
6.1, for a given background such as the spherical solution around a heavy source of mass M
such as the Sun, GR has three distinct regimes. There is a classical linear regime, where
both non-linear effects and quantum effects can be ignored. This is the regime in which r
is greater than the Schwarzschild radius, r > rS ∼ MM2P . For M the mass of the Sun, we
have rS ∼ 1 km, so the classical linear approximation is good nearly everywhere in the solar
system. There is the quantum regime r < 1
MP
, very near the singularity of the black hole,
where the effective field theory description breaks down. Most importantly, there is a well
2This theory is sometimes known as the Einstein-Fokker theory, first introduced in 1913 by Nordstro¨m
[12, 13], and later in a different form [14, 15]. It was even studied by Einstein when he was searching for a
relativistic theory of gravity that embodied the equivalence principle [16].
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separated middle ground, a classical non-linear regime, 1
MP
< r < rS, where non-linearities
can be summed up without worrying about quantum corrections, the regime which can be
used to make controlled statements about what is going on inside a black hole. One of
the challenges of adding a mass to the graviton, or any modification of gravity, is to retain
calculable yet interesting regimes such as this.
1.2 Modifying general relativity
A theory of massive gravity is a theory which propagates a massive spin 2 particle. The
most straightforward way to construct such a theory is to simply add a mass term to the
Einstein-Hilbert action, giving the graviton a mass, m, in such a way that GR is recovered
as m→ 0. This is a modification of gravity, a deformation away from the elegant theory of
Einstein. Since GR is the essentially unique theory of a massless spin 2 degree of freedom,
it should be remembered that modifying gravity means changing its degrees of freedom.
Despite the universal consensus that GR is a beautiful and accurate theory, there has
in recent years arisen a small industry of physicists working to modify it and test these
modifications. When asked to cite their motivation, they more often than not point to
supernova data [17, 18] which shows that the universe has recently started accelerating in
its expansion. If GR is correct, there must exist some dark energy density, ρ ∼ 10−29 g/cm3.
The simplest interpretation is that there is a constant term, Λ, in the Einstein-Hilbert action,
which would give ρ ∼M2PΛ. To give the correct vacuum energy, this constant has to take the
small value Λ/M2P ∼ 10−65, whereas arguments from quantum field theory suggest a value
much larger, up to order unity [19]. It is therefore tempting to speculate that perhaps GR is
wrong, and instead of a dark energy component, gravity is modified in the infrared [20, 21],
in such a way as to produce an accelerating universe from nothing. Indeed may modifications
can be cooked up which produce these so-called self accelerating solutions. For example, one
well-studied modification is to replace the Einstein-Hilbert lagrangian with F (R), a general
function of the Ricci scalar [22, 23], which can lead to self-accelerating solutions [24, 25].
This modification is equivalent to adding an additional scalar degree of freedom.
These cosmological reasons for studying modifications to gravity are often criticized on
the grounds that they can only take us so far; the small value of the cosmological acceleration
relative to the Planck mass must come from somewhere, and the best these modifications
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can do is to shift the fine-tuning into other parameters (see [26] for an illustration in the
F (R)/scalar-tensor case).
While it is true the small number must come from somewhere, there remains the
hope that it can be put somewhere which is technically natural, i.e. stable to quantum
corrections. Some small parameters, such as the ratio of the Higgs mass to the Planck mass
in the standard model, are not technically natural, whereas others, like small fermion masses,
are technically natural, because their small values are stable under quantum corrections. A
rule of thumb is that a small parameter is technically natural if there is a symmetry that
appears as the small parameter is set to zero. When this is the case, symmetry protects a
zero value of the small parameter from quantum corrections. This means corrections due
to the small parameter must be proportional to the parameter itself. In the case of small
fermion masses, it is chiral symmetry that appears, whereas in the case of the Higgs mass
and the cosmological constant, there is no obvious symmetry that appears.
Of course there is no logical inconsistency with having small parameters, technically
natural or not, and nature may explain them anthropically [27], or may just employ them
without reason. But as practical working physicists, we hope that it is the case that a small
parameter is technically natural, because then there is a hope that perhaps some classical
mechanism can be found that drives the parameter towards zero, or otherwise explains its
small value. If it is not technically natural, any such mechanism will be much harder to find
because it must know about the quantum corrections in order to compensate them.
One does not need a cosmological constant problem, however, to justify studying mod-
ifications to GR. There are few better ways to learn about a structure, whether it’s a sports
car, a computer program or a theory, than to attempt to modify it. With a rigid theory
such as GR, there is a level of appreciation that can only be achieved by witnessing how
easily things can go badly with the slightest modification. In addition, deforming a known
structure is one of the best ways to go about discovering new structures, structures which
may have unforeseen applications.
One principle that comes to play is the continuity of physical predictions of a theory
in the parameters of the theory. Surely, we should not be able to say experimentally, given
our finite experimental precision, that a parameter of nature is exactly mathematically zero
and not just very small. If we deform GR by a small parameter, the predictions of the
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deformed theory should be very close to GR, to the extent that the deformation parameter
is small. It follows that any undesirable pathologies associated with the deformation should
cure themselves as the parameter is set to zero. Thus, we uncover a mechanism by which
such pathologies can be cured, a mechanism which may have applications in other areas.
Massive gravity is a well developed case study in the infrared modification of gravity,
where all of these points are nicely illustrated. Purely from the consideration of degrees of
freedom, it is a natural modification to consider, since it amounts to simply giving a mass to
the particle which is already present in GR. In another sense, it is less minimal than F (R)
or scalar tensor theory, which adds a single scalar degree of freedom, because to reach the 5
polarizations of the massive graviton we must add at least 3 degrees of freedom beyond the
2 of the massless graviton.
With regard to the cosmological constant problem, there is the possibility of a tech-
nically natural explanation. The deformation parameter is m, the graviton mass, and GR
should be restored as m → 0. The force mediated by a massive graviton has a Yukawa
profile ∼ 1
r
e−mr, which drops off from that of a massless graviton at distances r & 1
m
, so one
could hope to explain the acceleration of the universe without dark energy by choosing the
graviton mass to be of order the Hubble constant m ∼ H. Of course, this does not eliminate
the small cosmological constant, which reappears as the ratio m/MP . But there is now hope
that this is a technically natural choice, because deformation by a mass term breaks the
gauge symmetry of GR, which is restored in the limit m → 0. As we will see, a small m
is indeed protected from quantum corrections (though as we will see, there are other issues
that prevent this, at our current stage of understanding, from being a completely satisfactory
realization of a technically natural cosmological constant).
There are also interesting lessons to be learned regarding the continuity of physical
predictions. The addition of a mass term is a brutality upon the beautiful structure of
GR, and does not go unpunished. Various pathologies appear, which are representative of
common pathologies associated with any infrared modification of gravity. These include
strong classical non-linearities, ghost-like instabilities, and a very low cutoff, or region of
trustability, for the resulting quantum effective theory. In short, modifying the infrared
often messes up the UV. New mechanisms also come into play, because the extra degrees of
freedom carried by the massive graviton must somehow decouple themselves as m → 0 to
restore the physics of GR.
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The study of the massless limit leads to the discovery of the Vainshtein mechanism, by
which these extra degrees of freedom hide themselves at short distances using non-linearities.
This mechanism has already proven useful for model builders who have long-range scalars,
such as moduli from the extra dimensions of string theory, that they want to shield from
local experiments that would otherwise rule them out.
1.3 History and outline
The possibility of a graviton mass has been studied off and on since 1939, when Fierz and
Pauli [28] first wrote the action describing a free massive graviton. Following this, not much
occurred until the early 1970’s, when there was a flurry of renewed interest in quantum
field theory. The linear theory coupled to a source was studied by van Dam, Veltman, and
Zakharov [29, 30], who discovered the curious fact that the theory makes predictions different
from those of linear GR even in the limit as the graviton mass goes to zero. For example,
massive gravity in the m → 0 limit gives a prediction for light bending that is off by 25
percent from the GR prediction. The linear theory violates the principle of continuity of
the physics in the parameters of the theory. This is known as the vDVZ discontinuity. The
discontinuity was soon traced to the fact that not all of the degrees of freedom introduced
by the graviton mass decouple as the mass goes to zero. The massive graviton has 5 spin
states, which in the massless limit become the 2 helicity states of a massless graviton, 2
helicity states of a massless vector, and a single massless scalar. The scalar is essentially
the longitudinal graviton, and it maintains a finite coupling to the trace of the source stress
tensor even in the massless limit. In other words, the massless limit of a massive graviton is
not a massless graviton, but rather a massless graviton plus a coupled scalar, and the scalar
is responsible for the vDVZ discontinuity.
If the linear theory is accurate, then the vDVZ discontinuity represents a true physical
discontinuity in predictions, violating our intuition that physics should be continuous in
the parameters. Measuring the light bending in this theory would be a way to show that
the graviton mass is mathematically zero rather than just very small. However, the linear
theory is only the start of a complete non-linear theory, coupled to all the particles of the
standard model. The possible non-linearities of a real theory were studied several years later
by Vainshtein [31], who found that the nonlinearities of the theory become stronger and
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stronger as the mass of the graviton shrinks. What he found was that around any massive
source of mass M , such as the Sun, there is a new length scale known as the Vainshtein radius,
rV ∼
(
M
m4M2P
)1/5
. At distances r . rV , non-linearities begin to dominate and the predictions
of the linear theory cannot be trusted. The Vainshtein radius goes to infinity as m→ 0, so
there is no radius at which the linear approximation tells us something trustworthy about the
massless limit. This opens the possibility that the non-linear effects cure the discontinuity.
To have some values in mind, if we take M the mass of the Sun and m a very small value,
say the Hubble constant m ∼ 10−33 eV, the scale at which we might want to modify gravity
to explain the cosmological constant, we have rV ∼ 1018 km, about the size of the Milky
Way.
Later the same year, Boulware and Deser [32] studied some specific fully non-linear
massive gravity theories and showed that they possess a ghost-like instability. Whereas the
linear theory has 5 degrees of freedom, the non-linear theories they studied turned out to
have 6, and the extra degree of freedom manifests itself around non-trivial backgrounds as
a scalar field with a wrong sign kinetic term, known as the Boulware-Deser ghost.
Meanwhile, the ideas of effective field theory were being developed, and it was real-
ized that a non-renormalizable theory, even one with apparent instabilities such as massive
gravity, can be made sense of as an effective field theory, valid only at energies below some
ultraviolet cutoff scale Λ. In 2003, Arkani-Hamed, Georgi and Schwartz [33] brought to
attention a method of restoring gauge invariance to massive gravity in a way which makes it
very simple to see what the effective field theory properties are. They showed that massive
gravity generically has a maximum UV cutoff of Λ5 = (MPm
4)1/5. For Hubble scale gravi-
ton mass, this is a length scale Λ−15 ∼ 1011 km. This is a very small cutoff, parametrically
smaller than the Planck mass, and goes to zero as m → 0. Around a massive source, the
quantum effects become important at the radius rQ =
(
M
MPl
)1/3
1
Λ5
, which is parametrically
larger than the Vainshtein radius at which non-linearities enter. For the Sun, rQ ∼ 1024 km.
Without finding a UV completion or some other re-summation, there is no sense in which
we can trust the solution inside this radius, and the usefulness of massive gravity is limited.
In particular, since the whole non-linear regime is below this radius, there is no hope to
examine the continuity of physical quantities in m and explore the Vainshtein mechanism in
a controlled way. On the other hand, it can be seen that the mass of the Boulware-Deser
ghost drops below the cutoff only when r . rQ, so the ghost is not really in the effective
11
theory at all and can be consistently excluded.
Putting aside the issue of quantum corrections, there has been continued study of the
Vainshtein mechanism in a purely classical context. It has been shown that classical non-
linearities do indeed restore continuity with GR in certain circumstances. In fact, the ghost
degree of freedom can play an essential role in this, by providing a repulsive force in the
non-linear region to counteract the attractive force of the longitudinal scalar mode.
By adding higher order graviton self-interactions with appropriately tuned coefficients,
it is in fact possible to raise the UV cutoff of the theory to Λ3 = (MPm
2)1/3, corresponding
to roughly Λ−13 ∼ 103 km. In 2010, the complete action of this theory in a certain decoupling
limit was worked out by de Rham and Gabadadze [34], and they show that, remarkably,
it is free of the Boulware-Deser ghost. Recently, it was shown that the complete theory is
free of the Boulware-Deser ghost. This Λ3 theory is the best hope of realizing a useful and
interesting massive gravity theory.
The subject of massive gravity also naturally arises in extra-dimensional setups. In a
Kaluza-Klein scenario such as GR in 5d compactified on a circle, the higher Kaluza-Klein
modes are massive gravitons. Brane world setups such as the Dvali-Gabadadze-Porrati
(DGP) model [35] give more intricate gravitons with resonance masses. The study of such
models has complemented the study of pure 4d massive gravity and has pointed towards
new research directions.
The major outstanding question is whether it is possible to UV extend the effective
field theory of massive gravity to the Planck scale, and what this UV extension may look
like. This would provide a solution to the problem of making the small cosmological constant
technically natural, and is bound to be an interesting theory its own right (the analogous
question applied to massive vector bosons leads to the discovery of the Higgs mechanism
and spontaneous symmetry breaking). In the case of massive gravity, there are indications
that a UV completion may not have a local Lorentz invariant form. Another long shot, if
UV completion can be found, would be to take the m→ 0 limit of the completion and hope
to obtain a UV completion to ordinary GR.
As this review is focused on the theoretical aspects of Lorentz invariant massive gravity,
we will not have much to say about the large literature on Lorentz-violating massive gravity.
We will also not say much about the experimental search for a graviton mass, or what the
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most likely signals and search modes would be. There has been much work on these areas,
and each could be the topic of a separate review.
Conventions: Often we will work in an arbitrary number of dimensions, just because
it is easy to do so. In this case, D signifies the number of spacetime dimension and we stick
to D ≥ 3. d signifies the number of space dimensions, d = D − 1. We use the mostly plus
metric signature convention, ηµν = (−,+,+,+, · · · ). Tensors are symmetrized and anti-
symmetrized with unit weight, i.e T(µν) =
1
2
(Tµν + Tνµ), T[µν] =
1
2
(Tµν − Tνµ). The reduced
4d Planck mass is MP =
1
(8piG)1/2
≈ 2.43× 1018 GeV. Conventions for the curvature tensors,
covariant derivatives and Lie derivatives are those of Carroll [36].
2 The free Fierz-Pauli action
We start by displaying an action for a single massive spin 2 particle in flat space, carried by
a symmetric tensor field hµν ,
S =
∫
dDx− 1
2
∂λhµν∂
λhµν +∂µhνλ∂
νhµλ−∂µhµν∂νh+ 1
2
∂λh∂
λh− 1
2
m2(hµνh
µν−h2). (2.1)
This is known as the Fierz-Pauli action [28]. Our point of view will be to take this action
as given and then show that it describes a massive spin 2. There are, however, some (less
than thorough) ways of motivating this action. To start with, the action above contains all
possible contractions of two powers of h, with up to two derivatives. The two derivative
terms, those which survive when m = 0, are chosen to match exactly those obtained by
linearizing the Einstein-Hilbert action. The m = 0 terms describe a massless helicity 2
graviton and have the gauge symmetry
δhµν = ∂µξν + ∂νξµ, (2.2)
for a spacetime dependent gauge parameter ξµ(x). This symmetry fixes all the coefficients
of the two-derivative part of (2.1), up to an overall coefficient. The mass term, however,
violates this gauge symmetry. The relative coefficient of −1 between the h2 and hµνhµν
contractions is called the Fierz-Pauli tuning, and it not enforced by any known symmetry.
However, the only thing that needs to be said about this action is that it describes
a single massive spin 2 degree of freedom of mass m. We will show this explicitly in what
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follows. Any deviation from the form (2.1) and the action will no longer describe a single
massive spin 2. For example, violating the Fierz-Pauli tuning in the mass term by changing
to −1
2
m2(hµνh
µν − (1 − a)h2) for a 6= 0 gives an action describing a scalar ghost (a scalar
with negative kinetic energy) of mass m2g =
3−4a
2a
m2, in addition to the massive spin 2. For
small a, the ghost mass squared goes like ∼ 1
a
. It goes to infinity as the Fierz-Pauli tuning
is approached, rendering it non-dynamical. Violating the tuning in the kinetic terms will
similarly alter the number of degrees of freedom, see [37] for a general analysis.
There is a method of constructing lagrangians such as (2.1) to describe any given spin.
See for example the first few chapters of [2], the classic papers on higher spin lagrangians
[38, 39], and the reviews [40, 41].
2.1 Hamiltonian and degree of freedom count
We will begin our study of the Fierz-Pauli action (2.1) by casting it into hamiltonian form
and counting the number of degrees of freedom. We will show that it propagates D(D−1)
2
− 1
degrees of freedom in D dimensions (5 degrees of freedom for D = 4), the right number for
a massive spin 2 particle.
We start by Legendre transforming (2.1) only with respect to the spatial components
hij. The canonical momenta are
3
piij =
∂L
∂h˙ij
= h˙ij − h˙kkδij − 2∂(ihj)0 + 2∂kh0kδij. (2.3)
Inverting for the velocities, we have
h˙ij = piij − 1
D − 2pikkδij + 2∂(ihj)0. (2.4)
In terms of these hamiltonian variables, the Fierz-Pauli action (2.1) becomes
S =
∫
dDx piijh˙ij −H + 2h0i (∂jpiij) +m2h20i + h00
(
~∇2hii − ∂i∂jhij −m2hii
)
, (2.5)
3Note that canonical momenta can change under integrations by parts of the time derivatives. We have
fixed this ambiguity by integrating by parts such as to remove all derivatives from h0i and h00.
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where
H = 1
2
pi2ij −
1
2
1
D − 2pi
2
ii
+
1
2
∂khij∂khij − ∂ihjk∂jhik + ∂ihij∂jhkk − 1
2
∂ihjj∂ihkk +
1
2
m2(hijhij − h2ii).
(2.6)
First consider the case m = 0. The time-like components h0i and h00 appear linearly
multiplied by terms with no time derivatives. We can interpret them as Lagrange multipliers
enforcing the constraints ∂jpiij = 0 and ~∇2hii − ∂i∂jhij = 0. It is straightforward to check
that these are first class constraints, and that the hamiltonian (2.6) is first class. Thus (2.5)
is a first class gauge system. For D = 4, the hij and piij each have 6 components, because
they are 3 × 3 symmetric tensors, so together they span a 12 dimensional (for each space
point) phase space. We have 4 constraints (at each space point), leaving an 8 dimensional
constraint surface. The constraints then generate 4 gauge invariances, so the gauge orbits are
4 dimensional, and the gauge invariant quotient by the orbits is 4 dimensional (see [42] for an
introduction to constrained hamiltonian systems, gauge theories, and the terminology used
here). These are the two polarizations of the massless graviton, along with their conjugate
momenta.
In the case m 6= 0, the h0i are no longer Lagrange multipliers. Instead, they appear
quadratically and are auxiliary variables. Their equations of motion yield
h0i = − 1
m2
∂jpiij, (2.7)
which can be plugged back into the action (2.5) to give
S =
∫
dDx piijh˙ij −H + h00
(
~∇2hii − ∂i∂jhij −m2hii
)
, (2.8)
where
H = 1
2
pi2ij −
1
2
1
D − 2pi
2
ii +
1
2
∂khij∂khij − ∂ihjk∂jhik + ∂ihij∂jhkk − 1
2
∂ihjj∂ihkk
+
1
2
m2(hijhij − h2ii) +
1
m2
(∂jpiij)
2 .
(2.9)
The component h00 remains a Lagrange multiplier enforcing a single constraint C =
−~∇2hii + ∂i∂jhij + m2hii = 0, but the hamiltonian is no longer first class. One secondary
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constraint arises from the Poisson bracket with the hamiltonian H =
∫
ddx H, namely
{H, C}PB = 1D−2m2piii + ∂i∂jpiij. The resulting set of two constraints is second class, so there
is no longer any gauge freedom. For D = 4 the 12 dimensional phase space has 2 constraints
for a total of 10 degrees of freedom, corresponding to the 5 polarizations of the massive
graviton and their conjugate momenta.
Note that the Fierz-Pauli tuning is crucial to the appearance of h00 as a Lagrange
multiplier. If the tuning is violated, then h00 appears quadratically and is an auxiliary
variable, and no longer enforces a constraint. There are then no constraints, and the full 12
degrees of freedom in the phase space are active. The extra 2 degrees of freedom are the
scalar ghost and its conjugate momentum.
2.2 Free solutions and graviton mode functions
We now proceed to find the space of solutions of (2.1), and show that it transforms as
a massive spin 2 representation of the Lorentz group, showing that the action propagates
precisely one massive graviton. The equations of motion from (2.1) are
δS
δhµν
= hµν − ∂λ∂µhλν − ∂λ∂νhλµ + ηµν∂λ∂σhλσ + ∂µ∂νh− ηµνh−m2(hµν − ηµνh) = 0.
(2.10)
Acting on (2.10) with ∂µ, we find, assuming m2 6= 0, the constraint ∂µhµν − ∂νh.
Plugging this back into the equations of motion, we find hµν−∂µ∂νh−m2(hµν−ηµνh) = 0.
Taking the trace of this we find h = 0, which in turn implies ∂µhµν=0. This, along with
h = 0 applied to the equations of motion (2.10), gives (−m2)hµν = 0.
Thus the equations of motion (2.10) imply the three equations,
(−m2)hµν = 0, ∂µhµν = 0, h = 0. (2.11)
Conversely, it is straightforward to see that these three equations imply the equations of
motion (2.10), so (2.11) and (2.10) are equivalent. The form (2.11) makes it easy to count
the degrees of freedom as well. For D = 4, the first of (2.11) is an evolution equation for the
10 components of the symmetric tensor hµν , and the last two are constraint equations on the
initial conditions and velocities of hµν . The last determines the trace completely, killing one
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real space degree of freedom. The second gives 4 initial value constraints, and the vanishing
of its time derivative, i.e. demanding that it be preserved in time, implies 4 more initial
value constraints, thus killing 4 real space degrees of freedom. In total, we are left with the
5 real space degrees of freedom of a 4 dimensional spin 2 particle, in agreement with the
hamiltonian analysis of Section 2.1.
The first equation in (2.11) is the standard Klein-Gordon equation, with the general
solution
hµν(x) =
∫
ddp√
(2pi)d2ωp
(
hµν(p)eip·x + hµν∗(p)e−ip·x
)
. (2.12)
Here p are the spatial momenta, ωp =
√
p2 +m2, and the D-momenta pµ are on shell so
that pµ = (ωp,p).
Next we expand the Fourier coefficients hµν(p) over some basis of symmetric tensors,
indexed by λ,
hµν(p) = ap,λ¯
µν(p, λ). (2.13)
We will fix the momentum dependence of the basis elements ¯µν(p, λ) by choosing some
basis ¯µν(k, λ) at the standard momentum kµ = (m, 0, 0, 0, . . .) and then acting with some
standard boost4 L(p), which takes k into p, pµ = L(p)µνk
ν . This standard boost will choose
for us the basis at p, relative to that at k. Thus we have
¯µν(p, λ) = L(p)µαL(p)
ν
β ¯
αβ(k, λ). (2.15)
Imposing the conditions ∂µh
µν = 0 and h = 0 on (2.12) then reduces to imposing
kµ¯
µν(k, λ) = 0, ηµν ¯
µν(k, λ) = 0. (2.16)
4We choose the standard boost to be
Lij(p) = δij +
1
|p|2 (γ − 1)p
ipj ,
Li0(p) = L
0
i(p) =
pi
|p|
√
γ2 − 1,
L00(p) = γ, (2.14)
where
γ =
p0
m
=
√
|p|2 +m2
m
.
is the usual relativistic γ. See chapter 2 of [2] for discussions of this standard boost and general representation
theory of the Poincare group.
17
The first says that ¯µν(k, λ) is purely spatial, i.e. ¯0µ(k, λ) = 0. The second says that it
is traceless, so that ¯i i(k, λ) = 0 also. Thus the basis need only be a basis of symmetric
traceless spatial tensors, λ = 1, . . . , d(d+1)
2
− 1. We demand that the basis be orthonormal,
¯µν(k, λ)¯∗µν(k, λ
′) = δλλ′ . (2.17)
This basis forms the symmetric traceless representation of the rotation group SO(d),
which is the little group for a massive particle in D dimensions. If Rµν is a spatial rotation,
we have
Rµµ′R
ν
ν′ ¯
µν(k, λ′) = Rλ
′
λ¯
µν(k, λ′), (2.18)
where Rλ
′
λ is the symmetric traceless tensor representation of R
µ
µ′ . We are free to use any
other basis µν(k, λ), related to the ¯µν(k, λ) by
µν(k, λ) = Bλ
′
λ¯
µν(k, λ′), (2.19)
where B is any unitary matrix.
Given a particular spatial direction, with unit vector kˆi, there is an SO(d−1) subgroup
of the little group SO(d) which leaves kˆi invariant, and the symmetric traceless rep of SO(d)
breaks up into three reps of SO(d− 1), a scalar, a vector, and a symmetric traceless tensor.
The scalar mode is called the longitudinal graviton, and has spatial components
ijL =
√
d
d− 1
(
kˆikˆj − 1
d
δij
)
. (2.20)
After a large boost in the kˆi direction, it goes like L ∼ p2/m2. As we will see later, in the
massless limit, or large boost limit, this mode is carried by a scalar field, which generally
becomes strongly coupled once interactions are taken into account. The vector modes have
spatial components
ijV,k =
√
2kˆ(iδ
j)
k , (2.21)
and after a large boost in the kˆi direction, they go like L ∼ p/m. In the massless limit, these
modes are carried by a vector field, which decouples from conserved sources. The remaining
linearly independent modes are symmetric traceless tensors with no components in the kˆi
directions, and form the symmetric traceless mode of SO(d− 1). They are invariant under a
boost in the kˆi direction, and in the massless limit, they are carried by a massless graviton.
In the massless limit, we should therefore expect that the extra degrees of freedom of the
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massive graviton should organize themselves into a massless vector and a massless scalar.
We will see later explicitly how this comes about at the lagrangian level.
Upon boosting to p, the polarization tensors satisfy the following properties: they are
transverse to pµ and traceless,
pµ
µν(p, λ) = 0, ηµν
µν(p, λ) = 0, (2.22)
and they satisfy orthogonality and completeness relations
µν(p, λ)∗µν(p, λ
′) = δλλ′ , (2.23)∑
λ
µν(p, λ)∗αβ(p, λ) =
1
2
(P µαP νβ + P µβP να)− 1
D − 1P
µνPαβ, (2.24)
where Pαβ ≡ ηαβ + pαpβ
m2
. The right hand side of the completeness relation (2.24) is the
projector onto the symmetric and transverse traceless subspace of tensors, i.e. the identity
on this space. We also have the following symmetry properties in p, which can be deduced
from the form of the standard boost (2.14),
ij(−p, λ) = ij(p, λ), i, j = 1, 2, . . . , d (2.25)
0i(−p, λ) = −0i(p, λ), i = 1, 2, . . . , d (2.26)
00(−p, λ) = 00(p, λ). (2.27)
The general solution to (2.10) thus reads
hµν(x) =
∫
ddp√
(2pi)d2ωp
∑
λ
ap,λ
µν(p, λ)eip·x + a∗p,λ
∗µν(p, λ)e−ip·x. (2.28)
The solution is a general linear combination of the following mode functions and their
conjugates
uµνp,λ(x) ≡
1√
(2pi)d2ωp
µν(p, λ)eip·x, λ = 1, 2, . . . , d. (2.29)
These are the solutions representing gravitons, and they have the following Poincare trans-
formation properties
uµνp,λ(x− a) = uµνp,λ(x)e−ip·a, (2.30)
Λµµ′Λ
ν
ν′u
µ′ν′
p,λ (Λ
−1x) =
√
ωΛp
ωp
W (Λ, p)λ′λu
µν
Λp,λ′(x), (2.31)
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where W (Λ, p) = L−1(Λp)ΛL(p) is the Wigner rotation, and W (Λ, p)λ′λ is its spin 2 rep,
Rµν → (B−1RB)λ′λ.5 Thus the gravitons are spin 2 solutions.
In terms of the modes, the general solution reads
hµν(x) =
∫
ddp
∑
λ
(
ap,λu
µν
p,λ(x) + a
∗
p,λu
µν∗
p,λ (x)
)
. (2.32)
The inner (symplectic) product on the space of solutions to the equations of motion is,
(h, h′) = i
∫
ddx hµν∗(x)
↔
∂0h
′
µν(x)
∣∣∣∣
t=0
. (2.33)
The u functions are orthonormal with respect to this product,
(up,λ, up′,λ′) = δ
d(p− p′)δλλ′ , (2.34)
(u∗p,λ, u
∗
p′,λ′) = −δd(p− p′)δλλ′ , (2.35)
(up,λ, u
∗
p′,λ′) = 0, (2.36)
and we can use the product to extract the a and a∗ coefficients from any solution hµν(x),
ap,λ = (up,λ, h), (2.37)
a∗p,λ = −(u∗p,λ, h). (2.38)
5We show the Lorentz transformation property as follows
Λµµ′Λ
ν
ν′
µ′ν′(p, λ)eip·Λ
−1x = [ΛL(p)]
µ
µ′ [ΛL(p)]
ν
ν′ 
µ′ν′(k, λ)eiΛp·x
=
[
L(Λp)
(
L−1(Λp)ΛL(p)
)]µ
µ′
[
L(Λp)
(
L−1(Λp)ΛL(p)
)]ν
ν′ (k, λ)
µ′ν′eiΛp·x
= [L(Λp)W (Λ, p)]
µ
µ′ [L(Λp)W (Λ, p)]
ν
ν′ (k, λ)
µ′ν′eiΛp·x.
The little group element is a spatial rotation. For any spatial rotation Rµν , we have
Rµµ′R
ν
ν′
µ′ν′(k, λ) = Rµµ′R
ν
ν′B
λ′
λ¯
µ′ν′(k, λ′) = Bλ
′
λR
λ′′
λ′ ¯
µν(k, λ′′)
=
(
B−1RB
)λ′
λ
µν(k, λ′).
Plugging back into the above,
Λµµ′Λ
ν
ν′
µ′ν′(p, λ)eip·Λ
−1x = L(Λp)µµ′L(Λp)
ν
ν′W (Λ, p)
λ′
λ
µ′ν′(k, λ′)eiΛp·x
= W (Λ, p)λ
′
λ
µν(Λp, λ′)eiΛp·x,
where W is the spin 2 representation of the little group in a basis rotated by B, W = B−1RB.
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In the quantum theory, the a and a∗ become creation and annihilation operators which
satisfy the usual commutations relations and produce massive spin 2 states. The fields
hij and their canonical momenta piij, constructed from the a and a
∗, will then automatically
satisfy the Dirac algebra and constraints of the hamiltonian analysis of Section 2.1, providing
a quantization of the system. Once interactions are taken into account, external lines of
Feynman diagrams will get a factor of the mode functions (2.29).
2.3 Propagator
Integrating by parts, we can rewrite the Fierz-Pauli action (2.1) as
S =
∫
dDx
1
2
hµνOµν,αβhαβ, (2.39)
where
Oµναβ =
(
η(µαη
ν)
β − ηµνηαβ
)
(−m2)− 2∂(µ∂(αην)β) + ∂µ∂νηαβ + ∂α∂βηµν , (2.40)
is a second order differential operator satisfying
Oµν,αβ = Oνµ,αβ = Oµν,βα = Oαβ,µν . (2.41)
In terms of this operator, the equations of motion (2.10) can be written simply as δS
δhµν
=
Oµν,αβhαβ = 0.
To derive the propagator, we go to momentum space,
Oµναβ(∂ → ip) = −
(
η(µαη
ν)
β − ηµνηαβ
)
(p2 +m2) + 2p(µp(αη
ν)
β) − pµpνηαβ − pαpβηµν . (2.42)
The propagator is the operator Dαβ,σλ with the same symmetries (2.41) which satisfies
Oµν,αβDαβ,σλ = i
2
(δµσδ
ν
λ + δ
ν
σδ
µ
λ). (2.43)
The right side is the identity operator on the space of symmetric tensors.
Solving (2.43), we find
Dαβ,σλ = −i
p2 +m2
[
1
2
(PασPβλ + PαλPβσ)− 1
D − 1PαβPσλ
]
, (2.44)
where Pαβ ≡ ηαβ + pαpβm2 .
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In the interacting quantum theory, internal lines with momentum p will be assigned
this propagator, which for large p behaves as ∼ p2
m4
. This growth with p means we cannot
apply standard power counting arguments (like those of chapter 12 of [2]) to deduce the
renormalizability properties or strong coupling scales of a theory. We will see later how to
overcome this difficulty by rewriting the theory in a way in which all propagators go like
∼ 1
p2
at high energy.
Massless propagator
The massive graviton propagator (2.44) may be compared to the propagator for the case
m = 0. For m = 0, the action becomes
Sm=0 =
∫
dDx
1
2
hµνEµν,αβhαβ, (2.45)
where the kinetic operator is
Eµναβ = Oµναβ
∣∣
m=0
=
(
η(µαη
ν)
β − ηµνηαβ
)
− 2∂(µ∂(αην)β) + ∂µ∂νηαβ + ∂α∂βηµν . (2.46)
This operator has the symmetries (2.41). Acting on a symmetric tensor Zµν it reads
µν,αβZαβ = Zµν − ηµνZ − 2∂(µ∂αZν)α + ∂µ∂νZ + ηµν∂α∂βZαβ. (2.47)
The m = 0 action has the gauge symmetry (2.2), and the operator (2.46) is not invert-
ible. Acting with it results in a tensor which is automatically transverse, and it annihilates
anything which is pure gauge
∂µ
(
µν,αβZαβ
)
= 0, µν,αβ (∂αξβ + ∂βξα) = 0. (2.48)
To find a propagator, we must fix the gauge freedom. We choose the Lorenz gauge
(also called harmonic, or de Donder gauge),
∂µhµν − 1
2
∂νh = 0. (2.49)
We can reach this gauge by making a gauge transformation with ξµ chosen to satisfy ξµ =
− (∂νhµν − 12∂µh) . This condition fixes the gauge only up to gauge transformations with
parameter ξµ satisfying ξµ = 0. In this gauge, the equations of motion simplify to
hµν − 1
2
ηµνh = 0. (2.50)
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The solutions to this equation which also satisfy the gauge condition (2.49) are the Lorenz
gauge solutions to the original equations of motion.
To the lagrangian of (2.45) we add the following gauge fixing term
LGF = −
(
∂νhµν − 1
2
∂µh
)2
. (2.51)
Quantum mechanically, this results from the Fadeev-Popov gauge fixing procedure. Clas-
sically, we may justify it on the grounds that the equations of motion obtained from the
action plus the gauge fixing term are the same as the gauge fixed equations of motion (2.50).
The gauge condition itself, however, is not obtained as an equation of motion, and must be
imposed separately. We have
L+ LGF = 1
2
hµνhµν − 1
4
hh, (2.52)
whose equations of motion are (2.50).
We can write the gauge fixed lagrangian as L+ LGF = 12hµνO˜µν,αβhαβ, where
O˜µν,αβ = 
[
1
2
(
ηµαηνβ + ηµβηνα
)− 1
2
ηµνηαβ
]
. (2.53)
Going to momentum space and inverting, we obtain the propagator,
Dαβ,σλ = −i
p2
[
1
2
(ηασηβλ + ηαληβσ)− 1
D − 2ηαβησλ
]
, (2.54)
which satisfies the relation (2.43) with O˜ in place of O. This propagator grows like ∼ 1
p2
at high energy. Comparing the massive and massless propagators, (2.54) and (2.44), and
ignoring for a second the terms in (2.44) which are singular as m → 0, there is a difference
in coefficient for the last term, even as m→ 0. For D = 4, it is 1/2 vs. 1/3. This is the first
sign of a discontinuity in the m→ 0 limit.
3 Linear response to sources
We now add a fixed external symmetric source T µν(x) to the action (2.1) ,
S =
∫
dDx−1
2
∂λhµν∂
λhµν+∂µhνλ∂
νhµλ−∂µhµν∂νh+1
2
∂λh∂
λh−1
2
m2(hµνh
µν−h2)+κhµνT µν .
(3.1)
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Here κ = M
−D−2
2
P is the coupling strength to the source
6.
The equations of motion are now sourced by Tµν ,
hµν − ∂λ∂µhλν − ∂λ∂νhλµ + ηµν∂λ∂σhλσ + ∂µ∂νh− ηµνh−m2(hµν − ηµνh) = −κTµν .
(3.2)
In the case m = 0, acting on the left with ∂µ gives identically zero, so we must have the
conservation condition ∂µTµν = 0 if there is to be a solution. For m 6= 0, there is no such
condition.
3.1 General solution to the sourced equations
We now find the retarded solution of (3.2), to which the homogeneous solutions of (2.2) can
be added to obtain the general solution. Acting on the equations of motion (3.2) with ∂µ,
we find,
∂µhµν − ∂νh = κ
m2
∂µTµν . (3.3)
Plugging this back into (3.2), we find
hµν − ∂µ∂νh−m2(hµν − ηµνh) = −κTµν + κ
m2
[
∂λ∂µTνλ + ∂
λ∂νTµλ − ηµν∂∂T
]
.
Where ∂∂T is short for the double divergence ∂µ∂νT
µν . Taking the trace of this we find
h = − κ
m2(D − 1)T −
κ
m4
D − 2
D − 1∂∂T. (3.4)
Applying this to (3.3), we find
∂µhµν = − κ
m2(D − 1)∂νT +
κ
m2
∂µTµν − κ
m4
D − 2
D − 1∂ν∂∂T, (3.5)
which when applied along with (3.4) to the equations of motion, gives
(∂2 −m2)hµν = −κ
[
Tµν − 1
D − 1
(
ηµν − ∂µ∂ν
m2
)
T
]
(3.6)
+
κ
m2
[
∂λ∂µTνλ + ∂
λ∂νTµλ − 1
D − 1
(
ηµν + (D − 2)∂µ∂ν
m2
)
∂∂T
]
.
6The normalizations chosen here are in accord with the general relativity definition Tµν = 2√−g
δL
δgµν
, as
well as the normalization δgµν = 2κhµν .
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Thus we have seen that the equations of motion (3.2) imply the following three equations,
(−m2)hµν = −κ
[
Tµν − 1
D − 1
(
ηµν − ∂µ∂ν
m2
)
T
]
+
κ
m2
[
∂λ∂µTνλ + ∂
λ∂νTµλ − 1
D − 1
(
ηµν + (D − 2)∂µ∂ν
m2
)
∂∂T
]
,
∂µhµν = − κ
m2(D − 1)∂νT +
κ
m2
∂µTµν − κ
m4
D − 2
D − 1∂ν∂∂T,
h = − κ
m2(D − 1)T −
κ
m4
D − 2
D − 1∂∂T. (3.7)
Conversely, it is straightforward to see that these three equations imply the equations of
motion (3.2).
Taking the first equation of (3.7) and tracing, we find (−m2)
[
h+ κ
m2(D−1)T +
κ
m4
D−2
D−1∂∂T
]
=
0. Under the assumption that (∂2 −m2)f = 0⇒ f = 0 for any function f , the third equa-
tion is implied. This will be the case with good boundary conditions, such as the retarded
boundary conditions we impose when we are interested in the classical response to sources.
The second equation of (3.7) can also be shown to follow under this assumption, so that
we may obtain the solution by Fourier transforming only the first equation of (3.7). This
solution can also be obtained by applying the propagator (2.44) to the Fourier transform of
the source.
Despite the absence of gauge symmetry, we will often be interested in sources which
are conserved anyway, ∂µT
µν = 0. When the source is conserved, and under the assumptions
in the paragraph above, we are left with just the equation,
(∂2 −m2)hµν = −κ
[
Tµν − 1
D − 1
(
ηµν − ∂µ∂ν
m2
)
T
]
. (3.8)
The general solution for a conserved source is then,
hµν(x) = κ
∫
dDp
(2pi)D
eipx
1
p2 +m2
[
Tµν(p)− 1
D − 1
(
ηµν +
pµpν
m2
)
T (p)
]
, (3.9)
where T µν(p) is the Fourier transform of the source, T µν(p) =
∫
dDx e−ipx T µν(x). To get
the retarded field, we should integrate above the poles in the p0 plane.
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3.2 Solution for a point source
We now specialize to four dimensions so that κ = 1/MP , and we consider as source the stress
tensor of a mass M point particle at rest at the origin
T µν(x) = Mδµ0 δ
ν
0δ
3(x), T µν(p) = 2piMδµ0 δ
ν
0δ(p
0). (3.10)
Note that this source is conserved. For this source, the general solution (3.9) gives
h00(x) =
2M
3MP
∫
d3p
(2pi)3
eipx
1
p2 +m2
,
h0i(x) = 0,
hij(x) =
M
3MP
∫
d3p
(2pi)3
eipx
1
p2 +m2
(
δij +
pipj
m2
)
. (3.11)
Using the formulae∫
d3p
(2pi)3
eipx
1
p2 +m2
=
1
4pi
e−mr
r
,∫
d3p
(2pi)3
eipx
pipj
p2 +m2
= −∂i∂j
∫
d3p
(2pi)3
eipx
1
p2 +m2
=
1
4pi
e−mr
r
[
1
r2
(1 +mr)δij − 1
r4
(3 + 3mr +m2r2)xixj
]
,
(3.12)
where r ≡ √xixi, we have
h00(x) =
2M
3MP
1
4pi
e−mr
r
,
h0i(x) = 0,
hij(x) =
M
3MP
1
4pi
e−mr
r
[
1 +mr +m2r2
m2r2
δij − 1
m2r4
(3 + 3mr +m2r2)xixj
]
.
(3.13)
Note the Yukawa suppression factors e−mr, characteristic of a massive field.
For future reference, it will be convenient to record these expressions in spherical coordi-
nates for the spatial variables. Using the formula [F (r)δij +G(r)xixj] dx
idxj = (F (r) + r2G(r)) dr2+
F (r)r2dΩ2 to get to spherical coordinates we find
hµνdx
µdxν = −B(r)dt2 + C(r)dr2 + A(r)r2dΩ2, (3.14)
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where
B(r) = − 2M
3MP
1
4pi
e−mr
r
,
C(r) = − 2M
3MP
1
4pi
e−mr
r
1 +mr
m2r2
,
A(r) =
M
3MP
1
4pi
e−mr
r
1 +mr +m2r2
m2r2
. (3.15)
In the limit r  1/m these reduce to
B(r) = − 2M
3MP
1
4pir
,
C(r) = − 2M
3MP
1
4pim2r3
,
A(r) =
M
3MP
1
4pim2r3
. (3.16)
Corrections are suppressed by powers of mr.
Solution for the massless graviton
For the purposes of comparison, we will compute the point source solution for the massless
case as well. We choose the Lorenz gauge (2.49). In this gauge, the equations of motion
simplify to
hµν − 1
2
ηµνh = −κTµν . (3.17)
Taking the trace, we find h = 2
D−2κT, and upon substituting back, we get
hµν = −κ
[
Tµν − 1
D − 2ηµνT
]
. (3.18)
This equation, along with the Lorenz gauge condition (2.49), is equivalent to the original
equation of motion in Lorenz gauge.
Taking ∂µ on (3.17) and on its trace, using conservation of Tµν and comparing, we
have (∂µhµν − 12∂νh) = 0, so that the Lorentz condition is automatically satisfied when
boundary conditions are satisfied with the property that f = 0 ⇒ f = 0 for any function
f , as is the case when we impose retarded boundary conditions. We can then solve 3.17 by
Fourier transforming.
hµν(x) = κ
∫
dDp
(2pi)D
eip·x
1
p2
[
Tµν(p)− 1
D − 2ηµνT (p)
]
, (3.19)
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where T µν(p) =
∫
dDx e−ip·x T µν(x), is the Fourier transform of the source. To get the
retarded field, we should integrate above the poles in the p0 plane.
Now we specialize to D = 4, and we consider as a source the point particle of mass M
at the origin (3.10). For this source, the general solution (3.19) gives
h00(x) =
M
2MP
∫
d3p
(2pi)3
eipx
1
p2
=
M
2MP
1
4pir
,
h0i(x) = 0,
hij(x) =
M
2MP
∫
d3p
(2pi)3
eipx
1
p2
δij =
M
2MP
1
4pir
δij. (3.20)
For later reference, we record this result in spherical spatial coordinates as well. Us-
ing the formula [F (r)δij +G(r)xixj] dx
idxj = (F (r) + r2G(r)) dr2 + F (r)r2dΩ2 to get to
spherical coordinates we find
hµνdx
µdxν = −B(r)dt2 + C(r)dr2 + A(r)r2dΩ2, (3.21)
where
B(r) = − M
2MP
1
4pir
,
C(r) =
M
2MP
1
4pir
,
A(r) =
M
2MP
1
4pir
. (3.22)
3.3 The vDVZ discontinuity
We would now like to extract some physical predictions from the point source solution. Let’s
assume we have a test particle moving in this field, and that this test particle responds to
hµν in the same way that a test particle in general relativity responds to the metric deviation
δgµν =
2
MP
hµν . We know from the textbooks (see for example chapter 7 of [36]) that if hµν
takes the form 2h00/MP = −2φ, 2hij/MP = −2ψδij, h0i = 0 for some functions φ(r) and
ψ(r), then the newtonian potential experienced by the particle is given by φ(r). Furthermore,
if ψ(r) = γφ(r) for some constant γ, called the PPN parameter, and if φ(r) = −k
r
for some
constant k, then the angle for the bending of light at impact parameter b around the heavy
source is given by α = 2(1 + γ)/b. Looking at (3.20), the massless graviton gives us the
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values
φ = −GM
r
, ψ = −GM
r
, massless graviton, (3.23)
using 1
M2P
= 8piG. The PPN parameter is therefore γ = 1 and the magnitude of the light
bending angle for light incident at impact parameter b is
α =
4GM
b
, massless graviton. (3.24)
For the massive case, the metric (3.13) is not quite in the right form to read off the
newtonian potential and light bending. To simplify things, we notice that while the massive
gravity action is not gauge invariant, we have assumed that the coupling to the test particle
is that of GR, so this coupling is gauge invariant. Thus we are free to make a gauge trans-
formation on the solution hµν , and there will be no effect on the test particle. To simplify
the metric (3.13), we go back to (3.11) and notice that the
pipj
m2
term in hij is pure gauge, so
we can ignore this term. Thus our metric is gauge equivalent to the metric
h00(x) =
2M
3MP
1
4pi
e−mr
r
,
h0i(x) = 0,
hij(x) =
M
3MP
1
4pi
e−mr
r
δij. (3.25)
We then have, in the small mass limit,
φ = −4
3
GM
r
, ψ = −2
3
GM
r
δij. massive graviton, (3.26)
These are the same values as obtained for ω = 0 Brans-Dicke theory. The newtonian potential
is larger than for the massless case. The PPN parameter is γ = 1
2
, and the magnitude of the
light bending angle for light incident at impact parameter b is the same as in the massless
case,
α =
4GM
b
, massive graviton. (3.27)
If we like, we can make the newtonian potential agree with GR by scaling G → 3
4
G. Then
the light bending would then change to α = 3GM
b
, off by 25 percent from GR.
What this all means is that linearized massive gravity, even in the limit of zero mass,
gives predictions which are order one different from linearized GR. If nature were described
by either one or the other of these theories, we would, by making a finite measurement,
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be able to tell whether the graviton mass is mathematically zero or not, in violation of our
intuition that the physics of nature should be continuous in its parameters. This is the vDVZ
(van Dam, Veltman, Zakharov) discontinuity [29, 30] (see also [43, 44]). It is present in other
physical predictions as well, such as the emission of gravitational radiation [45].
4 The Stu¨ckelberg trick
We have seen that there is a discontinuity in the physical predictions of linear massless
gravity and the massless limit of linear massive gravity, known as the vDVZ discontinuity.
In this section, we will expose the origin of this discontinuity. We will see explicitly that
the correct massless limit of massive gravity is not massless gravity, but rather massless
gravity plus extra degrees of freedom, as expected since the gauge symmetry which kills the
extra degrees of freedom only appears when the mass is strictly zero. The extra degrees of
freedom are a massless vector, and a massless scalar which couples to the trace of the energy
momentum tensor. This extra scalar coupling is responsible for the vDVZ discontinuity.
Taking m→ 0 straight away in the lagrangian (3.1) does not yield not a smooth limit,
because degrees of freedom are lost. To find the correct limit, the trick is to introduce new
fields and gauge symmetries into the massive theory in a way that does not alter the theory.
This is the Stu¨kelberg trick. Once this is done, a limit can be found in which no degrees of
freedom are gained or lost.
4.1 Vector example
To introduce the idea, we consider a simpler case, the theory of a massive photon Aµ coupled
to a (not necessarily conserved) source Jµ,
S =
∫
dDx − 1
4
FµνF
µν − 1
2
m2AµA
µ + AµJ
µ, (4.1)
where Fµν ≡ ∂µAν−∂νAµ. The mass term breaks the would-be gauge invariance, δAµ = ∂µΛ,
and for D = 4 this theory describes the 3 degrees of freedom of a massive spin 1 particle.
Recall that the propagator for a massive vector is −i
p2+m2
(
ηµν +
pµpν
m2
)
, which goes like ∼ 1
m2
for large momenta, invalidating the usual power counting arguments.
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As it stands, the limit m → 0 of the lagrangian (4.1) is not a smooth limit because
we lose a degree of freedom – for m = 0 we have Maxwell electromagnetism which in
D = 4 propagates only 2 degrees of freedom, the two polarizations of a massless helicity 1
particle. Also, the limit does not exist unless the source is conserved, as this is a consistency
requirement in the massless case.
The Stu¨ckelberg trick consists of introducing a new scalar field φ, in such a way that
the new action has gauge symmetry but is still dynamically equivalent to the original action.
It will expose a different m → 0 limit which is smooth, in that no degrees of freedom are
gained or lost. We introduce a field, φ, by making the replacement
Aµ → Aµ + ∂µφ, (4.2)
following the pattern of the gauge symmetry we want to introduce [46]. This is emphati-
cally not a change of field variables. It is not a decomposition of Aµ into transverse and
longitudinal parts (Aµ is not meant to identically satisfy ∂µA
µ = 0 after the replacement),
and it is not a gauge transformation (the lagrangian (4.1) isn’t gauge invariant). Rather,
this is creating a new lagrangian from the old one, by the addition of a new field φ. Fµν
is invariant under this replacement, since the replacement looks like a gauge transformation
and Fµν is gauge invariant. The only thing that changes is the mass term and the coupling
to the source,
S =
∫
dDx − 1
4
FµνF
µν − 1
2
m2(Aµ + ∂µφ)
2 + AµJ
µ − φ∂µJµ. (4.3)
We have integrated by parts in the coupling to the source. The new action now has the
gauge symmetry
δAµ = ∂µΛ, δφ = −Λ. (4.4)
By fixing the gauge φ = 0, called the unitary gauge (a gauge condition for which it is
permissible to substitute back into the action, because the potentially lost φ equation is
implied by the divergence of the Aµ equation) we recover the original massive lagrangian
(4.1), which means (4.3) and (4.1) are equivalent theories. They both describe the three
degrees of freedom of a massive spin 1 in D = 4. The new lagrangian (4.3) does the job
using more fields and gauge symmetry.
The Stu¨kelberg trick is a terrific illustration of the fact that gauge symmetry is a
complete sham. It represents nothing more than a redundancy of description. We can take
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any theory and make it a gauge theory by introducing redundant variables. Conversely,
given any gauge theory, we can always eliminate the gauge symmetry by eliminating the
redundant degrees of freedom. The catch is that removing the redundancy is not always a
smart thing to do. For example, in Maxwell electromagnetism it is impossible to remove
the redundancy and at the same time preserve manifest Lorentz invariance and locality. Of
course, electromagnetism with gauge redundancy removed is still electromagnetism, so it
is still Lorentz invariant and local, it is just not manifestly so. With the Stu¨kelberg trick
presented here, on the other hand, we are adding and removing extra gauge symmetry in a
rather simple way, which does not mess with the manifest Lorentz invariance and locality.
We see from (4.3) that φ has a kinetic term, in addition to cross terms. Rescaling
φ→ 1
m
φ in order to normalize the kinetic term, we have
S =
∫
dDx − 1
4
FµνF
µν − 1
2
m2AµA
µ −mAµ∂µφ− 1
2
∂µφ∂
µφ+ AµJ
µ − 1
m
φ∂µJ
µ, (4.5)
and the gauge symmetry reads
δAµ = ∂µΛ, δφ = −mΛ. (4.6)
Consider now the m → 0 limit. Note that if the current is not conserved (or its
divergence does not go to zero with at least a power of m [47]), then the scalar becomes
strongly coupled to the divergence of the source and the limit does not exist. Assuming a
conserved source, the lagrangian becomes in the limit
L = −1
4
FµνF
µν − 1
2
∂µφ∂
µφ+ AµJ
µ, (4.7)
and the gauge symmetry is
δAµ = ∂µΛ, δφ = 0. (4.8)
It is now clear that the number of degrees of freedom is preserved in the limit. For D = 4
two of the three degrees of freedom go into the massless vector, and one goes into the scalar.
In the limit, the vector decouples from the scalar, and we are left with a massless gauge
vector interacting with the source, as well as a completely decoupled free scalar. This m→ 0
limit is a different limit than the non-smooth limit we would have obtained by taking m→ 0
straight away in (4.1). We have scaled φ→ 1
m
φ in order to canonically normalize the scalar
kinetic term, so we are actually using a new scalar φnew = mφold which does not scale with
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m, so the smooth limit we are taking is to scale the old scalar degree of freedom up as we
scale m down, in such a way that the new scalar degree of freedom remains preserved.
Rather than unitary gauge, we can instead fix a Lorentz-like gauge for the action (4.3),
∂µA
µ +mφ = 0. (4.9)
This gauge fixes the gauge freedom up to a residual gauge parameter satisfying (−m2)Λ =
0. We can add the gauge fixing term
SGF =
∫
dDx − 1
2
(∂µA
µ +mφ)2 . (4.10)
As in the massless case, quantum mechanically this term results from the Fadeev-Popov
gauge fixing procedure. Classically, we may justify it on the grounds that the equations of
motion obtained from the action plus the gauge fixing term are the same as the gauge fixed
equations of motion (the gauge condition itself, however, is not obtained as an equation of
motion, and must be imposed separately). Adding the gauge fixing term diagonalized the
lagrangian,
S + SGF =
∫
dDx
1
2
Aµ(−m2)Aµ + 1
2
φ(−m2)φ+ AµJµ − 1
m
φ∂µJ
µ, (4.11)
and the propagators for Aµ and φ are respectively
−iηµν
p2 +m2
,
−i
p2 +m2
, (4.12)
which go like ∼ 1
p2
at high momenta. Thus we have managed to restore the good high energy
behavior of the propagators.
It is possible to find the gauge invariant mode functions for Aµ and φ, which can then
be compared to the unitary gauge mode functions of the massive photon. In the massless
limit, there is a direct correspondence; φ is gauge invariant and becomes the longitudinal
photon, the Aµ has the usual Maxwell gauge symmetry and its gauge invariant transverse
modes are exactly the transverse modes of the massive photon.
4.2 Graviton Stu¨kelberg and origin of the vDVZ discontinuity
Now consider massive gravity,
S =
∫
dDx Lm=0 − 1
2
m2(hµνh
µν − h2) + κhµνT µν , (4.13)
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where Lm=0 is the lagrangian of the massless graviton. We want to preserve the gauge
symmetry δhµν = ∂µξν + ∂νξµ present in the m = 0 case, so we introduce a Stu¨ckelberg field
Aµ patterned after the gauge symmetry,
hµν → hµν + ∂µAν + ∂νAµ. (4.14)
The Lm=0 term remains invariant because it is gauge invariant and (4.14) looks like a gauge
transformation, so all that changes is the mass term,
S =
∫
dDx Lm=0 − 1
2
m2(hµνh
µν − h2)− 1
2
m2FµνF
µν − 2m2 (hµν∂µAν − h∂µAµ)
+κhµνT
µν − 2κAµ∂νT µν , (4.15)
where we have integrated by parts in the last term, and where Fµν ≡ ∂µAν − ∂νAµ.
There is now a gauge symmetry
δhµν = ∂µξν + ∂νξµ, δAµ = −ξµ, (4.16)
and fixing the gauge ξµ = 0 recovers the original massive gravity action (as in the vector
case, this is a gauge condition for which it is permissible to substitute back into the action,
because the potentially lost Aµ equation is implied by the divergence of the hµν equation).
At this point, we might consider scaling Aµ → 1mAµ to normalize the vector kinetic term,
then take the m → 0 limit. In this limit, we would end up with a massless graviton and
a massless photon, for a total of 4 degrees of freedom (in 4 dimensions). So at this point,
m → 0 is still not a smooth limit, since we would be losing one of the original 5 degrees of
freedom.
We have to go one step further and introduce a scalar gauge symmetry, by introducing
another Stu¨ckelberg field φ,
Aµ → Aµ + ∂µφ. (4.17)
The action (4.15) now becomes
S =
∫
dDx Lm=0 − 1
2
m2(hµνh
µν − h2)− 1
2
m2FµνF
µν
− 2m2 (hµν∂µAν − h∂µAµ)− 2m2
(
hµν∂
µ∂νφ− h∂2φ)+ κhµνT µν
− 2κAµ∂νT µν + 2κφ∂∂T, (4.18)
where ∂∂T ≡ ∂µ∂νT µν and we have integrated by parts in the last term.
34
There are now two gauge symmetries
δhµν = ∂µξν + ∂νξµ, δAµ = −ξµ (4.19)
δAµ = ∂µΛ, δφ = −Λ. (4.20)
By fixing the gauge φ = 0 we recover the lagrangian (4.15) .
Suppose we now rescale Aµ → 1mAµ, φ→ 1m2φ, under which the action becomes
S =
∫
dDx Lm=0 − 1
2
m2(hµνh
µν − h2)− 1
2
FµνF
µν
− 2m (hµν∂µAν − h∂µAµ)− 2
(
hµν∂
µ∂νφ− h∂2φ)+ κhµνT µν
− 2
m
κAµ∂νT
µν +
2
m2
κφ∂∂T, (4.21)
and the gauge transformations become
δhµν = ∂µξν + ∂νξµ, δAµ = −mξµ
δAµ = ∂µΛ, δφ = −mΛ, (4.22)
where we have absorbed one factor on m into the gauge parameter Λ.
Now take the m→ 0 limit. (If the source is not conserved and the divergences do not
go to zero fast enough with m [47], then φ and Aµ become strongly coupled to the divergence
of the source, so we now assume the source is conserved.) In this limit, the theory now takes
the form
S =
∫
dDx Lm=0 − 1
2
FµνF
µν − 2 (hµν∂µ∂νφ− h∂2φ)+ κhµνT µν , (4.23)
we will see that this has all 5 degrees of freedom; a scalar tensor vector theory where the
vector is completely decoupled but the scalar is kinetically mixed with the tensor.
To see this, we will un-mix the scalar and tensor, at the expense of the minimal coupling
to T µν , by a field redefinition. Consider the change
hµν = h
′
µν + piηµν , (4.24)
where pi is any scalar. This is the linearization of a conformal transformation. The change
in the massless spin 2 part is (no integration by parts here)
Lm=0(h) = Lm=0(h′) + (D − 2)
[
∂µpi∂
µh′ − ∂µpi∂νh′µν + 1
2
(D − 1)∂µpi∂µpi
]
. (4.25)
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This is simply the linearization of the effect of a conformal transformation on the Einstein-
Hilbert action.
By taking pi = 2
D−2φ in the transformation (4.24), we can arrange to cancel all the
off-diagonal hφ terms in the lagrangian (4.23), trading them in for a φ kinetic term. The
lagrangian (4.23) now takes the form,
S =
∫
dDx Lm=0(h′)− 1
2
FµνF
µν − 2D − 1
D − 2∂µφ∂
µφ+ κh′µνT
µν +
2
D − 2κφT, (4.26)
and the gauge transformations read
δh′µν = ∂µξν + ∂νξµ, δAµ = 0 (4.27)
δAµ = ∂µΛ, δφ = 0. (4.28)
There are now (for D = 4) manifestly five degrees of freedom, two in a canonical massless
graviton, two in a canonical massless vector, and one in a canonical massless scalar7.
Note however, that the coupling of the scalar to the trace of the stress tensor survives
the m = 0 limit. We have exposed the origin of the vDVZ discontinuity. The extra scalar
degree of freedom, since it couples to the trace of the stress tensor, does not affect the
bending of light (for which T = 0), but it does affect the newtonian potential. This extra
scalar potential exactly accounts for the discrepancy between the massless limit of massive
gravity and massless gravity.
As a side note, one can see from this Stu¨ckelberg trick that violating the Fierz-Pauli
tuning for the mass term leads to a ghost. Any deviation from this form, and the Stu¨ckelberg
scalar will acquire a kinetic term with four derivatives ∼ (φ)2, indicating that it carries
two degrees of freedom, one of which is ghostlike [48, 49]. The Fierz-Pauli tuning is required
to exactly cancel these terms, up to total derivative.
Returning to the action for m 6= 0 (and a not necessarily conserved source), we now
know to apply the transformation hµν = h
′
µν +
2
D−2φηµν , which yields,
7Ordinarily the Maxwell term should come with a 1/4 and the scalar kinetic term with a 1/2, but we
leave different factors here just to avoid unwieldiness.
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S =
∫
dDx Lm=0(h′) − 1
2
m2(h′µνh
′µν − h′2)− 1
2
FµνF
µν + 2
D − 1
D − 2φ
(
+ D
D − 2m
2
)
φ
− 2m (h′µν∂µAν − h′∂µAµ)+ 2D − 1D − 2 (m2h′φ+ 2mφ∂µAµ)
+ κh′µνT
µν +
2
D − 2κφT −
2
m
κAµ∂νT
µν +
2
m2
κφ∂∂T. (4.29)
The gauge symmetry reads
δh′µν = ∂µξν + ∂νξµ +
2
D − 2mΛηµν , δAµ = −mξµ (4.30)
δAµ = ∂µΛ, δφ = −mΛ. (4.31)
We can go to a Lorentz-like gauge, by imposing the gauge conditions [50, 51]
∂νh′µν −
1
2
∂µh
′ +mAµ = 0, (4.32)
∂µA
µ +m
(
1
2
h′ + 2
D − 1
D − 2φ
)
= 0. (4.33)
The first condition fixes the ξµ symmetry up to a residual transformation satisfying ( −
m2)ξµ = 0. It is invariant under Λ transformations, so it fixes none of this symmetry. The
second condition fixes the Λ symmetry up to a residual transformation satisfying (−m2)Λ =
0. It is invariant under ξµ transformations, so it fixes none of this symmetry. We add two
corresponding gauge fixing terms to the action, resulting from either Fadeev-Popov gauge
fixing or classical gauge fixing,
SGF1 =
∫
dDx −
(
∂νh′µν −
1
2
∂µh
′ +mAµ
)2
, (4.34)
SGF2 =
∫
dDx −
(
∂µA
µ +m
(
1
2
h′ + 2
D − 1
D − 2φ
))2
= 0. (4.35)
These have the effect of diagonalizing the action,
S + SGF1 + SGF2 =
∫
dDx
1
2
h′µν
(
−m2)h′µν − 1
4
h′
(
−m2)h′
+Aµ
(
−m2)Aµ + 2D − 1
D − 2φ
(
−m2)φ
+κh′µνT
µν +
2
D − 2κφT −
2
m
κAµ∂νT
µν +
2
m2
κφ∂∂T.
(4.36)
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The propagators of h′µν , Aµ and φ are now, respectively,
−i
p2 +m2
[
1
2
(ηασηβλ + ηαληβσ)− 1
D − 2ηαβησλ
]
,
1
2
−iηµν
p2 +m2
,
D − 2
4(D − 1)
−i
p2 +m2
, (4.37)
which all behave as ∼ 1
p2
for high momenta, so we may now apply standard power counting
arguments.
With some amount of work, it is possible to find the gauge invariant mode functions
for h′µν , Aµ and φ, which can then be compared to the unitary gauge mode functions of
Section 2.2. In the massless limit, there is a direct correspondence; φ is gauge invariant
and its one degree of freedom is exactly the longitudinal mode (2.20), the Aµ has the usual
Maxwell gauge symmetry and its gauge invariant transverse modes are exactly the vector
modes (2.21), and finally the h′µν has the usual massless gravity gauge symmetry and its
gauge invariant transverse modes are exactly the transverse modes of the massive graviton.
4.3 Mass terms as filters and degravitation
There is a way of interpreting the graviton mass as a kind of high pass filter, through which
sources must pass before the graviton sees them. For a short wavelength source, the mass
term does not have much effect, but for a long wavelength source (such as the cosmological
constant), the mass term acts to screen it, potentially explaining how the observed cosmic
acceleration could be small despite a large underlying cosmological constant [52].
First we will see how this works in the case of the massive vector. Return to the action
(4.5), with a conserved source, before taking the m→ 0 limit,
S =
∫
dDx − 1
4
FµνF
µν − 1
2
m2AµA
µ −mAµ∂µφ− 1
2
∂µφ∂
µφ+ AµJ
µ. (4.38)
The φ equation of motion is
φ+m ∂ · A = 0. (4.39)
We would now like to integrate out φ. Quantum mechanically we would integrate it out of
the path integral. Classically we would eliminate it with its own equation of motion. Solving
the equation of motion involves solving a differential equation, so the result is non-local,
φ = −m∂ · A. (4.40)
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Plugging back into (4.38), we obtain a non-local lagrangian
S =
∫
dDx − 1
4
Fµν
(
1− m
2

)
F µν + AµJ
µ, (4.41)
where we have used Fµν
1
F
µν = −2Aµ 1Aµ − 2∂ · A 1∂ · A, arrived at after integration by
parts. The lagrangian (4.41) is now a manifestly gauge invariant but non-local lagrangian for
a massive vector. The non-locality results from having integrated out the dynamical scalar
mode. The equation of motion from (4.41) is(
1− m
2

)
∂µF
µν = −Jν . (4.42)
This is simply Maxwell electromagnetism, where the source is seen thorough a filter
(
1− m2
)−1
.
For high momenta p  m, the filter is ∼ 1 so the theory looks like ordinary electromag-
netism. But for p m, the filter becomes very small, so the source appears weakened. We
can think of this as a high-pass filter, where m is the filter scale.
Applied to gravity, the hope is to explain the small observed value of the cosmological
constant. The cosmological constant, being a constant, is essentially a very long wavelength
source. Gravity equipped with a high pass filter would not respond to a large bare cosmolog-
ical constant, making the observed effective value appear much smaller, while leaving smaller
wavelength sources unsuppressed. This mechanism is known as degravitation [53, 54, 52, 55].
This filtering is essentially just the Yukawa suppression e−mr that comes in with massive
particles, so we should be able to cast the massive graviton into a filtered form. Look again
at the action (4.15) with a conserved source, before introducing the Stu¨kelberg scalar,
S =
∫
dDx Lm=0 − 1
2
m2(hµνh
µν − h2)− 1
2
m2FµνF
µν − 2m2 (hµν∂µAν − h∂µAµ) + κhµνT µν .
(4.43)
Now consider the following action containing an additional scalar field N ,
S =
∫
dDx Lm=0 + m2
[
− 1
2
hµνh
µν +
1
4
h2 + AµAµ +N(h−N)
− Aµ (∂µh− 2∂νhµν + 2∂µN)
]
+ κhµνT
µν . (4.44)
The field N is an auxiliary field. Its equation of motion is
N =
1
2
h+ ∂µA
µ, (4.45)
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which when plugged into (4.44) yields (4.43). Thus the two actions are equivalent, and
(4.44) is another action describing the massive graviton. Here, however, there is no gauge
symmetry acting on the scalar; N is gauge invariant8.
Instead of eliminating the scalar, we can eliminate the vector Aµ using its equations of
motion,
Aµ =
1

(
1
2
∂µh− ∂νhµν + ∂µN
)
. (4.47)
Plugging back into (4.44) gives
S =
∫
dDx
1
2
hµν
(
1− m
2

)
Eµν,αβhαβ − 2N 1 (∂µ∂νh
µν −h) + κhµνT µν , (4.48)
where Eµναβ is the second order differential operator for the massless graviton (2.46). Now,
to diagonalize the action, make a conformal transformation
hµν = h
′
µν +
2
D − 2
1
−m2Nηµν , (4.49)
after which (4.48) becomes
S =
∫
dDx
1
2
h′µν
(
1− m
2

)
Eµν,αβh′αβ+2
D − 1
D − 2N
1
−m2N+κh
′
µνT
µν+
2
D − 2κ
1
−m2NT.
(4.50)
Finally, making the field redefinition N ′ = 1−m2N to render the coupling to the source local,
S =
∫
dDx
1
2
h′µν
(
1− m
2

)
Eµν,αβh′αβ + 2
D − 1
D − 2N
′(−m2)N ′ + κh′µνT µν +
2
D − 2κN
′T.
(4.51)
Thus a massive graviton is equivalent to a filtered graviton coupled to Tµν and a scalar with
mass m coupled with gravitational strength to the trace T . The scalar is the longitudinal
mode responsible for the vDVZ discontinuity.
It is not hard to see that a linear massive graviton screens a constant source. Looking
at the equations of motion (3.2) where the source is a cosmological constant Tµν ∝ ηµν ,
8For another form of the massive gravity action, we can take N ′ = N − ∂µAµ in (4.15), which gives
S =
∫
dDx Lm=0 + m2
[
−1
2
hµνh
µν +
1
4
h2 − 1
2
FµνF
µν +N ′(h−N ′)− 2Aµ (∂µh− ∂νhµν)
]
+ κhµνT
µν − 2κAµ∂νTµν . (4.46)
The field N ′ now takes the value N ′ = 12h and is no longer gauge invariant.
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and taking the double divergence, we find ∂ν∂µhµν − h = 0, which is the statement that
the linearized Ricci scalar vanishes, so a cosmological constant produces no curvature. If
degravitation can be made to work cosmologically, then this provides an interesting take
on the cosmological constant problem. Of course the smallness of the cosmological constant
reappears in the ratio m/MP , but as we will see, in massive gravity a small mass is technically
natural. There are other obstacles as well, and promising avenues towards overcoming them,
and we will have more to say about these things while studying the non-linear theory.
5 Massive gravitons on curved spaces
We now study some new features that emerge when the Fierz-Pauli action is put onto a
curved space. One new feature is the existence of partially massless theories. These are
theories with a scalar gauge symmetry that propagate 4 degrees of freedom in D = 4.
Another is the absence of the vDVZ discontinuity in curved space.
5.1 Fierz-Pauli gravitons on curved space and partially massless
theories
We now study the linear action for a massive graviton propagating on a fixed curved back-
ground with metric gµν . As in the flat space case, the massless part of the action will be the
Einstein-Hilbert action with a cosmological constant, 1
2κ2
√−g(R− 2Λ¯), expanded to second
order in the metric perturbation δgµν = 2κhµν , about a solution gµν . The solution must be
an Einstein space, satisfying
Rµν =
R
D
gµν , Λ¯ =
(
D − 2
2D
)
R. (5.1)
Appending the Fierz-Pauli mass term, we have the action
S =
∫
dDx
√−g
[
−1
2
∇αhµν∇αhµν +∇αhµν∇νhµα −∇µh∇νhµν + 1
2
∇µh∇µh
+
R
D
(
hµνhµν − 1
2
h2
)
− 1
2
m2(hµνh
µν − h2) + κhµνT µν
]
. (5.2)
Here the metric, covariant derivatives and constant curvature R are those of the background.
Notice the term, proportional to R, that kind of looks like a mass term, but does not have
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the Fierz-Pauli tuning. There’s some representation theory behind this [56], and a long
discussion about what it means for a particle to be “massless” in a curved space time [57],
but at the end of the day, (5.2) is the desired generalization of the flat space Fierz-Pauli
action, which, for most choices of m2, propagates 5 degrees of freedom in D = 4. See
[58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72] for some other aspects of massive
gravity on curved space.
For some choices of m2, (5.2) propagates fewer degrees of freedom. For m = 0, the
action has the gauge symmetry
δhµν = ∇µξν +∇νξµ, (5.3)
and the action propagates 2 degrees of freedom in D = 4. As we will see momentarily, for
R = D(D−1)
D−2 m
2, m 6= 0, the action has a scalar gauge symmetry, and propagates 4 degrees
of freedom in D = 4. For all other values of m2 and R, it has no gauge symmetry and
propagates 5 degrees of freedom in D = 4. This is summarized in Figure 1.
We introduce a Stu¨ckelberg field, Aµ, patterned after the m = 0 gauge symmetry,
hµν → hµν +∇µAν +∇νAµ. (5.4)
The Lm=0 term remains invariant, the source term does not change because we will assume
covariant conservation of T µν , so all that changes is the mass term,
S =
∫
dDx Lm=0 +
√−g
[
− 1
2
m2(hµνh
µν − h2)
− 1
2
m2FµνF
µν +
2
D
m2RAµAµ − 2m2 (hµν∇µAν − h∇µAµ) + κhµνT µν
]
,
(5.5)
where Fµν ≡ ∂µAν − ∂νAµ = ∇µAν − ∇νAµ, and we have used the relation ∇µAν∇νAµ =
(∇µAµ)2 − RµνAµAν to see that there is now a term that looks like a mass for the vector,
proportional to the background curvature. There is now a gauge symmetry
δhµν = ∇µξν +∇νξµ, δAµ = −ξµ, (5.6)
and fixing the gauge ξµ = 0 recovers the original action (5.2).
Introducing the Stu¨kelberg scalar and its associated gauge symmetry,
Aµ → Aµ +∇µφ, δAµ = ∇µΛ, δφ = −Λ, (5.7)
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we have
S =
∫
dDx Lm=0 +
√−g
[
− 1
2
m2(hµνh
µν − h2)
− 1
2
m2FµνF
µν +
2
D
m2RAµAµ − 2m2 (hµν∇µAν − h∇µAµ)
+
4m2R
D
Aµ∇µφ+ 2m
2R
D
(∂φ)2 − 2m2 (hµν∇µ∇νφ− hφ) + κhµνT µν
]
.
(5.8)
Under the conformal transformation
hµν = h
′
µν + pigµν , (5.9)
where pi is any scalar, the change in the massless part is (no integration by parts here)
Lm=0(h) = Lm=0(h′) +
√−g
[
(D − 2)
(
∇µpi∇µh′ −∇µpi∇νh′µν + 1
2
(D − 1)∇µpi∇µpi
)
−RD − 2
D
(
h′pi +
D
2
pi2
)]
. (5.10)
Applying this in the case pi = 2
D−2m
2φ yields,
S =
∫
dDx Lm=0(h′) +
√−g
[
− 1
2
m2(h′µνh
′µν − h′2)− 1
2
m2FµνF
µν +
2
D
m2RAµAµ
− 2m2 (h′µν∇µAν − h′∇µAµ)+ 2m2(D − 1D − 2m2 − RD
)
(2φ∇µAµ + h′φ)
− 2m2
(
D − 1
D − 2m
2 − R
D
)(
(∂φ)2 −m2 2D
D − 2φ
2
)
+ κh′µνT
µν +
2
D − 2m
2κφT
]
. (5.11)
The gauge symmetry reads
δh′µν = ∂µξν + ∂νξµ +
2
D − 2Λgµν , δAµ = −ξµ (5.12)
δAµ = ∂µΛ, δφ = −Λ. (5.13)
Note that for the special value
R =
D(D − 1)
D − 2 m
2, (5.14)
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the dependence on φ completely cancels out of (5.11). Setting unitary gauge Aµ = 0, and
given the replacements (5.4), (5.7) and the conformal transformation (5.9), this implies that
the original lagrangian (5.2) with the mass (5.14) has the gauge symmetry
δhµν = ∇µ∇νλ+ 1
D − 2m
2λgµν , (5.15)
where λ(x) is a scalar gauge parameter. The theory at the value (5.14) is called partially
massless [73, 74, 75, 76, 77]. Due to the gauge symmetry (5.15), this theory propagates one
fewer degree of freedom than usual so for D = 4 it carries four degrees of freedom rather
than five. Consistency demands that the trace of the stress tensor vanish for this theory (if
it is conserved). In addition, it marks a boundary in the R,m2 plane between stable and
unstable theories, see Figure 1.
R
m2
R=6m2
5 DOF (unstable)
2 DOF (stable)
5 DOF (stable)
4 DOF (stable)
4 DOF (unstable)
Figure 1: Degrees of freedom and their stability for values in the R,m2 plane for massive gravity
on an Einstein space (shown for D = 4, the other dimensions follow similarly). The line R =
6m2, m2 6= 0 is where a scalar gauge symmetry appears, reducing the number of degrees of freedom
by one. The line m2 = 0 is where the vector gauge symmetries appear, reducing the number of
degrees of freedom by three.
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5.2 Absence of the vDVZ discontinuity on curved space
To study the fate of the vDVZ discontinuity, we now take a massless limit, while preserving
the number of degrees of freedom. However, there are many paths in the R,m2 plane and
correspondingly, different ways to take the massless limit.
For example, let’s take the m→ 0 limit for fixed but non-zero R. Here we will see that
the vDVZ discontinuity is absent [73, 78, 79, 80]. First we go to canonical normalization
for the vector by taking Aµ → 1mAµ. Then we notice that we can immediately take the
m→ 0 limit, without the need to introduce the second Stu¨ckelberg field φ. This is because
a mass term for the vector is present in this limit, so no degrees of freedom are lost. Thus
our limiting action is
S =
∫
dDx Lm=0 +
√−g
[
− 1
2
FµνF
µν +
2R
D
AµAµ + κhµνT
µν
]
. (5.16)
The massive vector completely decouples from the stress tensor, so there is no vDVZ dis-
continuity. Notice that the vector is a tachyon in dS space but healthy in AdS, consistent
with the stability regions shown in Figure 1. These regions can all be investigated in similar
fashion. Finally, note also that the R→ 0 and m→ 0 limits do not commute.
6 Non-linear interactions
Up to this point, we have only studied the linear theory of massive gravity, which is deter-
mined by the requirement that it propagate only one massive spin 2 degree of freedom. We
now turn to the study of the possible interactions and non-linearities for massive gravity.
6.1 General relativity
We start by reviewing the story of non-linearities in GR. We will then repeat it for massive
gravity, to see exactly where things differ. General relativity is the theory of a dynamical
metric gµν , with the action
S =
1
2κ2
∫
dDx
√−gR. (6.1)
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The action is invariant under (pullback) diffeomorphism gauge symmetries fµ(x),
gµν(x)→ ∂f
α
∂xµ
∂fβ
∂xν
gαβ (f(x)) . (6.2)
Infinitesimally, for fµ(x) = xµ + ξµ(x), this reads
δgµν = Lξgµν = ∇µξν +∇νξµ, (6.3)
where ξµ is the gauge parameter, Lξ is the Lie derivative, and indices are lowered by the
metric.
The field equation for the metric is
Rµν − 1
2
Rgµν = 0, (6.4)
and the most symmetric solution is flat space gµν = ηµν .
To see that this is a theory of an interacting massless spin 2 field, we expand the action
around the flat space solution ηµν ,
gµν = ηµν + hµν .
To second order in hµν the action is
S2 =
1
2κ2
∫
dDx
1
2
δ2(
√−gR) = 1
4κ2
∫
dDx−1
2
∂λhµν∂
λhµν+∂µhνλ∂
νhµλ−∂µhµν∂νh+1
2
∂λh∂
λh,
(6.5)
where indices on hµν are raised and traced with the flat background metric ηµν and we have
ignored total derivatives. After canonical normalization, hµν = 2κhˆµν , this linear action for
GR is exactly that of the m = 0 spin two particle in Minkowski space (2.1).
If we continue the expansion around flat space to higher non-linear order in hˆµν , we
get a slew of interaction terms, all with two derivatives and increasing powers of hˆ, and
coefficients all precisely fixed so that the result is diffeomorphism invariant and sums up to
(6.1). Schematically,
S =
∫
dDx ∂2hˆ2 + κ∂2hˆ3 + · · ·+ κn∂2hˆn+2 + · · · (6.6)
The higher and higher powers of hˆµν are suppressed by appropriate powers of κ. The action
is expanded in powers of κhˆ and the linearized expansion is valid when κhˆ 1.
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When expanding around the background, we must put all of the gauge symmetry into
hµν , so that the transformation rule is
hµν(x)→ ∂µfα∂νfβηαβ − ηµν + ∂µfα∂νfβhαβ (f(x)) . (6.7)
For infinitesimal transformations fµ = xµ + ξµ, this is
δhµν = ∂µξν + ∂νξµ + Lξhµν . (6.8)
This is the all orders expression in hµν for the infinitesimal gauge symmetry, which shows
that it gets modified at higher order from its linear form (2.2).
This argument can be turned around. We can start with the massless linear graviton
action and ask what higher power interaction terms can be added. The possible terms can be
arranged in powers of the derivatives, and lower derivatives will be more important at lower
energies. Starting with two derivatives, we ask what terms of the form (6.6) can be added.
We must add higher order terms in such a way that the linear gauge invariance is preserved,
though the form of the gauge transformations may be altered at higher order in hˆ. These
requirements are strong enough to force the interactions to be those obtained from expanding
the Einstein-Hilbert term [4, 5, 6, 7, 8, 9, 10]. Looking at it from this direction, an amazing
thing happens. The linear action with which we started has a non-dynamical background
metric ηµν , but after adding all the interactions of the Einstein-Hilbert term, the change of
variables hµν → gµν−ηµν completely eliminates the background metric from the action. The
fully interacting Einstein-Hilbert action turns out to be background independent. This will
not be the case once we add a mass term, though we will still be able to introduce gauge
invariance through the Stu¨kelberg trick.
Zero derivative interactions mean curved space
If we ask for interactions terms with fewer than two derivatives, the only option is zero
derivatives, and diffeomorphism invariance forces them to sum up to a cosmological constant
√−g = 1
2
h + O (h2). This contains a term linear in h, which means there is a tadpole and
h = 0 is not a solution to the equations of motion, so we are not expanded around a solution
[81]. Instead we may consider GR with a cosmological constant Λ¯,
S =
1
2κ2
∫
dDx
√−g (R− 2Λ¯) . (6.9)
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The equations of motion Gµν + Λ¯gµν = 0, implies that the background solution g
(0)
µν is an
Einstein space,
Rµν =
R
D
gµν , Λ¯ =
(
D − 2
2D
)
R. (6.10)
Expanding around the background gµν = g
(0)
µν +hµν to quadratic order, we have the linearized
action
S2 =
1
2κ2
∫
dDx
1
2
δ2(
√−gR)
=
1
4κ2
∫
dDx
√−g
[
−1
2
∇αhµν∇αhµν +∇αhµν∇νhµα −∇µh∇νhµν + 1
2
∇µh∇µh
+
R
D
(
hµνhµν − 1
2
h2
)]
+ (total d),
where the covariant derivatives, curvature and metric determinant out front are those of the
background. After canonical normalization, hµν = 2κhˆµν , this linear action is exactly that
of the m = 0 spin 2 particle in an Einstein space (5.2) we used in Section 5.
Upon expanding around the background, we must put all of the gauge transformations
into hµν , so that the transformation rule is
hµν(x)→ ∂µfα∂νfβg(0)αβ (f(x))− g(0)µν + ∂µfα∂νfβhαβ (f(x)) . (6.11)
For infinitesimal transformations fµ = xµ + ξµ, this is
δhµν = ∇µξν +∇νξµ + Lξhµν , (6.12)
where the covariant derivatives are of the background. This is an all orders expression in hµν
for the infinitesimal gauge symmetry. To linear order, this reproduces the massless curved
space gauge symmetry (5.3). As in the flat space case, this argument may be reversed.
The only possible interactions for a massless graviton propagating on an Einstein space (an
Einstein space is the only space on which a free graviton can consistently propagate [70])
should be those of Einstein gravity with a cosmological constant.
Spherical solutions
Returning now to a flat background Λ = 0, and setting D = 4, we attempt to find spherically
symmetric static solutions to the equations of motion Rµν − 12Rgµν = 0, using an expansion
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in powers of non-linearity, a method we will repeat for the non-linear massive graviton. The
most general spherically symmetric static metric can be written
gµνdx
µdxν = −B(r)dt2 + C(r)dr2 + A(r)r2dΩ2. (6.13)
The most general gauge transformation which preserves this ansatz is a reparametrization of
the radial coordinate r. We can use this to set the gauge A(r) = C(r), bringing the metric
into the form
gµνdx
µdxν = −B(r)dt2 + C(r) [dr2 + r2dΩ2] . (6.14)
The linear expansion of this around flat space will be seen to correspond to the Lorenz gauge
choice. Plugging this ansatz into the equations of motion, we get the following from the tt
equation and rr equation respectively,
3r (C ′)2 − 4C (2C ′ + rC ′′) = 0, (6.15)
4B′C2 + 2 (2B + rB′)C ′C +Br (C ′)2 = 0. (6.16)
The θθ equation, (which is the same as the φφ equation by spherical symmetry) turns out to
be redundant. It is implied by the tt and rr equations (this happens because of a Noether
identity resulting from the radial re-parametrization gauge invariance).
We start by doing a linear expansion of these equations around the flat space solution
B0(r) = 1, C0(r) = 1. (6.17)
We do this by the method of linearizing a non-linear differential equation about a solution.
We introduce the expansion
B(r) = B0(r) + B1(r) + 
2B2(r) + · · · , (6.18)
C(r) = C0(r) + C1(r) + 
2C2(r) + · · · ,
where  will be a parameter that counts the order of non-linearity. We proceed by plugging
into the equations of motion and collecting like powers of . The O(0) part gives 0 = 0
because B0, C0, A0 are solutions to the full non-linear equations. At each higher order in 
we will obtain a linear equation that lets us solve for the next term in terms of the solutions
to previous terms.
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At O() we obtain
C ′′1 +
2C ′1
r
= 0, B′1 + C
′
1 = 0. (6.19)
There are three arbitrary constants in the general solution. Demanding that B1 and C1 go
to zero as r →∞, so that the solution is asymptotically flat, fixes two. The other constant
remains unfixed, and represents the mass of the solution9. We choose it to reproduce the
solution (3.22) we got from the propagator. We have then,
B1 = −2GM
r
, C1 =
2GM
r
. (6.21)
At O(2) we obtain another set of differential equations
3G2M2
r4
− 2C
′
2
r
− C ′′2 = 0 (6.22)
7G2M2
r3
+B′2 + C
′
2 = 0. (6.23)
Again there are three arbitrary constants in the general solution. Demanding that B2 and
C2 go to zero as r → ∞ again fixes two. The third appears as the coefficient of a 1r term,
and we set it to zero so that the second order term does not compete with the first order
9If we had used the gauge A = 1, these would be 1st order equations and there would be only two
constants to fix, i.e. the order of the equation seems to depend on the gauge. The reason for this is that the
Lorenz gauge does not completely fix the gauge. Under an active diffeomorphism f(x), the metric transforms
as gµν(x)→ ∂µfλ∂νfσgλσ(f(x)). Under a radial reparametrization r¯(r) this becomes
B(r)→ B(r¯(r)), C(r)→ ∂r¯
∂r
C(r¯(r)), A(r)→ A(r¯(r)) r¯(r)
r
. (6.20)
Choosing the gauge A = 1 amounts to solving A(r¯(r)) r¯(r)r = 1 for r¯, and this is an algebraic equation so the
solution is unique and this choice completely fixes the gauge. Choosing the gauge A = C amounts to solving
∂r¯
∂rC(r¯(r)) = A(r¯(r))
r¯(r)
r , which is a differential equation for r¯. Thus the solution is not unique because there
is an integration constant. The transformations that preserve the gauge choice solve ∂r¯∂r =
r¯(r)
r , with solution
r¯ = kr, i.e. constant scalings of r. This appears as an extra boundary condition that must be specified,
because we must fix the scaling.
In addition, our ansatz is also invariant under time scaling, t¯ = kt, under which B(r) → kB(r). This
represents another unfixed gauge symmetry. We generally fix this and the radial scaling by demanding that
A,B → 1 as r →∞. Then the only boundary condition is the mass.
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term as r →∞. We can continue in this way to any order, and we obtain the expansion
B(r)− 1 = −2GM
r
(
1− GM
r
+ · · ·
)
, (6.24)
C(r)− 1 = 2GM
r
(
1 +
3GM
4r
+ · · ·
)
. (6.25)
The dots represent higher powers in the non-linearity parameter . We see that the non-
linearity expansion is an expansion in the parameter rS/r, where
rS = 2GM, (6.26)
is the Schwarzschild radius. Thus the Schwarzschild radius rS ∼M/M2P represents the radius
at which non-linearities become important. This scale can also be estimated straight from
the lagrangian (6.6). The non-linear terms are suppressed relative to the linear terms by
powers of the factor hˆ/MP . The linear solution is hˆ ∼ MMP r , so hˆ/MP becomes order one
when r ∼M/M2P ∼ rS.
In GR, the linearity expansion can be easily summed to all orders by solving the original
equations exactly,
B(r) =
(
1− 2r
GM
)2(
1 + 2r
GM
)2 , C(r) = (1 + GM2r )4.
This is the Schwarzschild solution, in Lorenz gauge.
GR as a quantum effective field theory
We can understand the previous results from an effective field theory viewpoint, and in the
process check that the black hole solution is still valid despite quantum corrections. Pure
Einstein gravity in D = 4 is not renormalizable. It contains couplings with negative mass
dimension carrying the scale MP . Thus it must be treated an effective field theory with
cutoff at most MP [82]. This can also be seen from scattering amplitudes; by dimensional
analysis the 2→ 2 graviton scattering amplitude at energy E goes like E2
M2P
, which becomes
order one and violates unitarity at an energy E ∼MP .
Since we have an effective theory, we expect quantum mechanically the presence of a
plethora of other operators in the effective action, suppressed by appropriate powers of MP
and order one coefficients. Higher derivatives term, those beyond two derivatives, will be
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associated with higher order effects in powers of some energy scale over the cutoff. By gauge
invariance, all operators with two derivatives sum up to
√−gR and correct the Planck
mass, naively by order one. However, we can generate operators with higher numbers of
derivatives10, suppressed by appropriate powers of the Planck scale, for example,
1
M2P
∂4hˆ2,
1
M3P
∂4hˆ3,
1
M5P
∂6hˆ3, · · · (6.27)
By gauge invariance, they must sum up to higher order curvature scalars, multiplied by
appropriate powers of MP , for instance, schematically,
√−gR2 ∼ 1
M2P
∂4hˆ2 +
1
M3P
∂4hˆ3 +
1
M4P
∂4hˆ4 + · · · , (6.28)
1
M2P
√−gR∇2R ∼ 1
M4P
∂6hˆ2 +
1
M5P
∂6hˆ3 + · · · , (6.29)
1
M2P
√−gR3 ∼ 1
M5P
∂6hˆ3 +
1
M6P
∂6hˆ4 + · · · (6.30)
These corrections include terms which are second order in the fields, but higher order in
the derivatives, which naively lead to new degrees of freedom, some of which may be ghosts
or tachyons. One might worry why these terms are generated here, however the masses
of these ghosts and tachyons is always near or above the cutoff MP , so they need not be
considered part of the effective theory, since the unknown UV completion may cure them. In
line with this logic, they must not be re-summed into the propagator (this would be stepping
outside the MP expansion), but rather treated as vertices in the effective theory.
The important observation is that all these higher terms are suppressed relative to any
term in the Einstein-Hilbert part by powers of the derivatives
∂
MP
∼ 1
MP r
. (6.31)
Thus, at distances r  1
MP
, more than a Planck length from the central singularity of our
spherical solution, quantum effects are negligible. Only when approaching within a Planck
length of the center does quantum gravity become important. The regimes of GR are shown
in Figure 2.
10Note that quantum corrections will also generate the terms with no derivatives, the cosmological constant.
We can consistently declare that these are zero at the expense of a fine tuning. This is the usual cosmological
constant problem [19].
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An important fact about GR is that there exists this parametrically large middle regime
in which the theory becomes non-linear and yet quantum effects are still small. This is the
region inside the horizon r = rS but farther than a Planck length from the singularity. In this
region, we can re-sum the linear expansion by solving the full classical Einstein equations,
ignoring the higher derivative quantum corrections, and trust the results. This is the reason
why we know what will happen inside a black hole, but we do not know what will happen
near the singularity. As we will see, this crucial separation of scales, in which the scale of
non-linearity is well separated from the quantum scale, does not always occur in massive
gravity. It only occurs if the parameters of the interactions are tuned in a certain way.
r →
Quantum Classical
Non-linear Linear
∼ 1
MP
rS ∼ M
M2P
Figure 2: Regimes for GR.
6.2 Massive general relativity
We now turn to non-linearities in massive gravity. What we want in a full theory of massive
gravity is some non-linear theory whose linear expansion around some background is the
massive Fierz-Pauli theory 2.1. Unlike in GR, where the gauge invariance constrains the full
theory to be Einstein gravity, the extension for massive gravity is not unique. In fact, there
is no obvious symmetry to preserve, so any interaction terms whatsoever are allowed.
The first extension we might consider would be to deform GR by simply adding the
Fierz-Pauli term to the full non-linear GR action, that is, choosing the only non-linear
interactions to be those of GR,
S =
1
2κ2
∫
dDx
[
(
√−gR)−
√
−g0 1
4
m2g(0)µαg(0)νβ (hµνhαβ − hµαhνβ)
]
. (6.32)
Here there are several subtleties. Unlike GR, the lagrangian now explicitly depends on a
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fixed metric g
(0)
µν , which we will call the absolute metric, on which the linear massive graviton
propagates. We have hµν = gµν − g(0)µν as before. The mass term is unchanged from its
linear version, so the indices on hµν are raised and traced with the absolute metric. The
presence of this absolute metric in the mass term breaks the diffeomorphism invariance of
the Einstein-Hilbert term. Note that there is no way to introduce a mass term using only
the full metric gµν , since tracing it with itself just gives a constant, so the non-dynamical
absolute metric is required to create the traces and contractions.
Varying with respect to gµν we obtain the equations of motion
√−g(Rµν − 1
2
Rgµν) +
√
−g(0)m
2
2
(
g(0)µαg(0)νβhαβ − g(0)αβhαβg(0)µν
)
= 0. (6.33)
Indices on Rµν are raised with the full metric, and those on hµν with the absolute metric. We
see that if the absolute metric g
(0)
µν satisfies the Einstein equations (6.4), then gµν = g
(0)
µν , i.e.
hµν = 0, is a solution. When dealing with massive gravity and more complicated non-linear
solutions thereof, there can be at times two different background structures. On the one
hand, there is the absolute metric, the structure which breaks explicitly the diffeomorphism
invariance. On the other hand, there is the background metric, which is a solution to the
full non-linear equations, about which we may expand the action. Often, the solution metric
we are expanding around will be the same as the absolute metric, but if we were expanding
around a different solution, say a black hole, there would be two distinct structures, the
black hole solution metric and the absolute metric.
If we add matter to the theory and agree to use only minimal coupling to the metric
gµν , then the absolute metric does not directly influence the matter. It is the geodesics and
lengths as measured by the solution metric that we care about. Unlike in GR, if we have a
solution metric, we cannot perform a diffeomorphism on it to obtain a second solution to the
same theory. What we obtain instead is a solution to a different massive gravity theory, one
whose absolute metric is related to the original absolute metric by the same diffeomorphism.
Going to more general interactions beyond (6.32), our main interest will be in adding
interactions terms with no derivatives, since these are most important at low energies. The
most general such potential which reduces to Fierz-Pauli at quadratic order involves adding
terms cubic and higher in hµν in all possible ways
S =
1
2κ2
∫
dDx
[
(
√−gR)−
√
−g0 1
4
m2U(g(0), h)
]
, (6.34)
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where the interaction potential U is the most general one that reduces to Fierz-Pauli at
linear order,
U(g(0), h) = U2(g
(0), h) + U3(g
(0), h) + U4(g
(0), h) + U5(g
(0), h) + · · · , (6.35)
U2(g
(0), h) =
[
h2
]− [h]2 , (6.36)
U3(g
(0), h) = +C1
[
h3
]
+ C2
[
h2
]
[h] + C3 [h]
3 , (6.37)
U4(g
(0), h) = +D1
[
h4
]
+D2
[
h3
]
[h] +D3
[
h2
]2
+D4
[
h2
]
[h]2 +D5 [h]
4 , (6.38)
U5(g
(0), h) = +F1
[
h5
]
+ F2
[
h4
]
[h] + F3
[
h3
]
[h]2 + F4
[
h3
] [
h2
]
+ F5
[
h2
]2
[h]
+F6
[
h2
]
[h]3 + F7 [h]
5 , (6.39)
...
The square bracket indicates a trace, with indices raised with g(0),µν , i.e. [h] = g(0)µνhµν ,
[h2] = g(0)µαhαβg
(0)βνhνµ, etc. The coefficients C1, C2, etc. are generic coefficients. Note that
the coefficients in Un(g
(0), h) for n > D are redundant by one, because there is a combination
of the various contractions, the characteristic polynomial LTDn (h) (see Appendix A), which
vanishes identically. Thus one of the coefficients in Un(g
(0), h) for n > D (or any one linear
combination) can be set to zero.
If we like, we can re-organize the terms in the potential by raising and lowering with
the full metric gµν rather than the absolute metric g(0)µν ,
S =
1
2κ2
∫
dDx
[
(
√−gR)−√−g1
4
m2V (g, h)
]
, (6.40)
where
V (g, h) = V2(g, h) + V3(g, h) + V4(g, h) + V5(g, h) + · · · , (6.41)
V2(g, h) = 〈h2〉 − 〈h〉2, (6.42)
V3(g, h) = +c1〈h3〉+ c2〈h2〉〈h〉+ c3〈h〉3, (6.43)
V4(g, h) = +d1〈h4〉+ d2〈h3〉〈h〉+ d3〈h2〉2 + d4〈h2〉〈h〉2 + d5〈h〉4, (6.44)
V5(g, h) = +f1〈h5〉+ f2〈h4〉〈h〉+ f3〈h3〉〈h〉2 + f4〈h3〉〈h2〉+ f5〈h2〉2〈h〉
+f6〈h2〉〈h〉3 + f7〈h〉5, (6.45)
...
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where the angled brackets are traces with the indices raised with respect to gµν . It does not
matter whether we use potential (6.34) with indices raised by g(0)µν , or the potential (6.40)
with indices raised by gµν . The two carry the same information and we can easily relate
the coefficients of the two by expanding the inverse full metric and the full determinant in
powers of hµν raised with the absolute metric,
gµν = g(0)µν − hµν + hµλh νλ − hµλh σλ h νσ + · · · , (6.46)
√−g =
√
−g(0)
[
1 +
1
2
h− 1
4
(
hµνhµν − 1
2
h2
)
+ · · ·
]
. (6.47)
The following is useful for this purpose,
〈hn〉 =
∞∑
l=0
(−1)l
(
l + n− 1
l
)
[hl+n]. (6.48)
While the zero derivative interaction terms we have written in (6.34) are general, the
two derivative terms are not, since we have demanded they sum up to Einstein-Hilbert. The
potential has broken the diffeomorphism invariance, so there is no symmetry reason for the
two derivative interaction terms to take the Einstein-Hilbert form. We could deviate from it
if we like, but we will see later that there are good reasons why it is better not to. We may
also conceivably add general interactions with more than two derivatives, but we will omit
these for the same reasons we omit them in GR, because they are associated with higher
order effective field theory effects which we hope will be small in suitable regimes.
6.3 Spherical solutions and the Vainshtein radius
We will now look at static spherical solutions, doing for massive gravity what we did for
GR in Section 6.1. We specialize to four dimensions, and for definiteness we pick the action
(6.32) with the minimal mass term. We attempt to find spherically symmetric solutions to
the equations of motion 6.33, in the case where the absolute metric is flat Minkowski in
spherical coordinates,
g(0)µν dx
µdxν = −dt2 + dr2 + r2dΩ2.
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We consider a spherically symmetric static ansatz for the dynamical metric11
gµνdx
µdxν = −B(r)dt2 + C(r)dr2 + A(r)r2dΩ2. (6.49)
Plugging this ansatz into the equations of motion, we get the following from the tt equation,
rr equation and θθ equation (which is the same as the φφ equation by spherical symmetry)
respectively,
4BC2m2r2A3 +
(
2B(C − 3)C2m2r2 − 4
√
A2BC (C − rC ′)
)
A2
+2
√
A2BC
(
2C2 − 2r (3A′ + rA′′)C + r2A′C ′)A+ C√A2BCr2 (A′)2 = 0,
(6.50)
4 (B + rB′)A2 + (2r2A′B′ − 4B (C − rA′))A+Br2 (A′)2
A2BC2r2
− 2(2A+B − 3)m
2
√
A2BC
= 0,
(6.51)
−2B2C2m2rA4 − 2B2C2(B + C − 3)m2rA3
−
√
A2BC
(
2C ′B2 + (rB′C ′ − 2C (B′ + rB′′))B + Cr (B′)2
)
A2
+B
√
A2BC (CrA′B′ +B (4CA′ − rC ′A′ + 2CrA′′))A−B2C
√
A2BCr (A′)2 = 0.
(6.52)
In the massless case, A(r) could be removed by a coordinate gauge transformation, and the
last equation was redundant – it was a consequence of the first two. With non-zero m, there
is no diffeomorphism invariance, so no such coordinate change can be made, and the last
equation is independent.
As we did in Section 6.1 for GR, we expand these equations around the flat space
solution
B0(r) = 1, C0(r) = 1, A0(r) = 1. (6.53)
We introduce the expansion
B(r) = B0(r) + B1(r) + 
2B2(r) + · · · , (6.54)
C(r) = C0(r) + C1(r) + 
2C2(r) + · · · ,
A(r) = A0(r) + A1(r) + 
2A2(r) + · · · .
11In general, when there are two metrics staticity and spherical symmetry are not enough to put both in
diagonal form. An r dependent off diagonal drdt term can remain in one of them. We will not seek such
off-diagonal metrics, and will limit ourselves to the diagonal ansatz.
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Plugging into the equations of motion and collecting like powers of , the O(0) part gives
0 = 0 because B0, C0, A0 are solutions to the full non-linear equations. At each higher order
in epsilon we will obtain a linear equation that lets us solve for the next term. At O() we
obtain
2
(
m2r2 − 1)A1 + (m2r2 + 2)C1 + 2r (−3A′1 + C ′1 − rA′′1) = 0, (6.55)
−1
2
B1m
2 +
(
1
r2
−m2
)
A1 +
r (A′1 +B
′
1)− C1
r2
= 0, (6.56)
rA1m
2 + rB1m
2 + rC1m
2 − 2A′1 −B′1 + C ′1 − rA′′1 − rB′′1 = 0. (6.57)
One way to solve these equations is as follows. Algebraically solve them simultaneously
for A1, A
′
1, A
′′
1 in terms of B1’s and C1’s and their derivatives. Then write the equations
d
dr
A1(B,C) = A
′
1(B,C) and
d
dr
A′(B,C) = A′′(B,C). Solve these two equations for C1 and
C ′1 in terms of B1’s its derivatives. Then write
d
dr
C1(B) = C
′
1(B). What is left is
− 3rB1m2 + 6B′1 + 3rB′′1 = 0. (6.58)
There are two integration constants in the solution to (6.58), one is left arbitrary and the
other must be sent to zero to prevent the solutions from blowing up at infinity. We then
recursively determine C1 and A1. Thus the whole solution is determined by two pieces of
initial data12.
The solution is
B1(r) = −8GM
3
e−mr
r
, (6.59)
C1(r) = −8GM
3
e−mr
r
1 +mr
m2r2
, (6.60)
A1(r) =
4GM
3
e−mr
r
1 +mr +m2r2
m2r2
, (6.61)
where we have chosen the integration constant so that we agree with the solution (3.15)
obtained from the Green’s function.
We can now proceed to O(2). Going through the same procedure, we find for the
12Naively, it is a second order equation in A1 and B1, first order in C1 and we might think this requires 5
initial conditions, but in fact it is a degenerate system, and there are second class constraints bringing the
required boundary data to 2.
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solution, when mr  1,
B(r)− 1 = −8
3
GM
r
(
1− 1
6
GM
m4r5
+ · · ·
)
, (6.62)
C(r)− 1 = −8
3
GM
m2r3
(
1− 14 GM
m4r5
+ · · ·
)
, (6.63)
A(r)− 1 = 4
3
GM
4pim2r3
(
1− 4 GM
m4r5
+ · · ·
)
. (6.64)
The dots represent higher powers in the non-linearity parameter . We see that the non-
linearity expansion is an expansion in the parameter rV /r, where
rV ≡
(
GM
m4
)1/5
, (6.65)
is known as the Vainshtein radius. As the mass m approaches 0, rV grows, and hence the
radius beyond which the solution can be trusted gets pushed out to infinity. As argued by
Vainshtein [31], this perturbation expansion breaks down, and says nothing about the true
non-linear behavior of massive gravity in the massless limit. Thus there is reason to hope
that the vDVZ discontinuity is merely an artifact of linear perturbation theory, and that the
true non-linear solutions show a smooth limit [31, 83, 84, 85].
One might hope that a smooth limit could be seen by setting up an alternative expan-
sion in the mass m2. We take a solution to the massless equations, the ordinary Schwarzschild
solution, with metric coefficients B0, C0, A0, and then plug an expansion
B(r) = B0(r) +m
2B1(r) +m
4B2(r) + · · · ,
C(r) = C0(r) +m
2C1(r) +m
4C2(r) + · · · ,
A(r) = A0(r) +m
2A1(r) +m
4A2(r) + · · · , (6.66)
into the equations of motion. Collecting powers of m yields a new perturbation equation at
each order, but in this case the equations are generally non-linear. Even the equation we
obtain at O(m2) for the first correction to Schwarzschild is non-linear, so working with this
expansion is much more difficult than working with the linearized expansion.
The linearity expansion is valid is the region r  rV . If general relativity is restored at
distances near the source, the mass expansion should be valid in the opposite regime r  rV ,
and the full solutions should interpolate between the two expansions. There have been
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several extensive numerical studies of the full non-linear solutions. At first, troubles were
encountered trying to find a complete and satisfactory solution that interpolates between the
two regimes [86]. Later, the problem was revisited with more sophisticated methods, both
in the decoupling limit [87], and more extensively in the full theory [88, 89, 90], with the
final result being that the non-linearities can in fact work to restore continuity with GR. We
will see later the mechanism by which this occurs. Other solutions, including some analytic
solutions in various cases, are claimed in [91, 92, 93, 94, 95, 96].
6.4 Non-linear hamiltonian and the Boulware-Deser mode
We now go on to study the hamiltonian of the non-linear massive gravity action (6.32) with
flat absolute metric ηµν ,
S =
1
2κ2
∫
dDx
[
(
√−gR)− 1
4
m2ηµαηνβ (hµνhαβ − hµαhνβ)
]
. (6.67)
We saw in Section 2.1 that the free theory carries five degrees of freedom in D = 4, due
to the fact that the time components h00 appeared as a Lagrange multiplier in the action.
We will see that this no longer remains true once the non-linearities of (6.67) are taken into
account, so there is now an extra degree of freedom.
A particularly nice way to study gravity hamiltonians is through the ADM formalism
[97, 98]. A spacelike slicing of spacetime by hypersurfaces Σt is chosen, and we change
variables from components of the metric gµν to the spatial metric gij, the lapse Ni and the
shift N , according to
g00 = −N2 + gijNiNj, (6.68)
g0i = Ni, (6.69)
gij = gij. (6.70)
Here i, j, . . . are spatial indices, and gij is the inverse of the spatial metric gij (not the ij
components of inverse metric gµν).
The Einstein-Hilbert part of the action in these variables reads (see [99, 100] for detailed
derivations and formulae)
1
2κ2
∫
dDx
√
gN
[
(d)R−K2 +KijKij
]
, (6.71)
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where (d)R is the curvature of the spatial metric gij. The quantity Kij is the extrinsic
curvature of the spatial hypersurfaces, defined as
Kij =
1
2N
(g˙ij −∇iNj −∇jNi) , (6.72)
where dot means time derivative, and the covariant derivatives are with respect to the spatial
metric gij. We then Legendre transform the spatial variables gij, defining the canonical
momenta
pij =
δL
δg˙ij
=
1
2κ2
√
g
(
Kij −Kgij) , (6.73)
and writing the action in hamiltonian form
2κ2L =
(∫
Σt
ddx pij g˙ij
)
−H, (6.74)
where the hamiltonian H is defined by
H =
(∫
Σt
ddx pabg˙ab
)
− L =
∫
Σt
ddx NC +NiCi, (6.75)
and the quantities C and Ci are
C = √g [(d)R +K2 −KijKij] , Ci = 2√g∇j (Kij −Khij) , (6.76)
and here Kij should be thought of as a function of p
ij and gij, obtained by inverting (6.73)
for g˙ij and plugging into (6.72),
Kij =
2κ2√
g
(
pij − 1
D − 2phij
)
. (6.77)
All traces and index manipulations are performed with gij and its inverse.
For m = 0, the action is pure constraint, and the hamiltonian vanishes, a characteristic
of diffeomorphism invariance. The shift N and lapse Ni appear as Lagrange multipliers,
enforcing the hamiltonian constraint C = 0 and momentum constraints Ci = 0. It can be
checked that these are first class constraints, generating the D diffeomorphism symmetries
of the action. In D = 4, we have 12 phase space metric components, minus 4 constraints,
minus 4 gauge symmetries, leaves 4 phase space degrees of freedom, the same counting as in
the linear theory. The non-linear theory contains the same number of degrees of freedom as
the linearized theory.
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Now looking at the mass term, in ADM variables we have
ηµαηµβ (hµνhαβ − hµαhµβ) = δikδjl (hijhkl − hikhjl) + 2δijhij
−2N2δijhij + 2Ni
(
gij − δij)Ni, (6.78)
where hij ≡ gij − δij. The action becomes
S =
1
2κ2
∫
dDx pabg˙ab −NC −NiCi (6.79)
−m
2
4
[
δikδjl (hijhkl − hikhjl) + 2δijhij − 2N2δijhij + 2Ni
(
gij − δij)Ni] .
In the m 6= 0 case, the Fierz-Pauli term brings in contributions to the action that
are quadratic in the lapse and shift (but still free of time derivatives). Thus the lapse and
shift no longer serve as Lagrange multipliers, but rather as auxiliary fields, because their
equations of motion can be algebraically solved to determine their values,
N =
C
m2δijhij
, Ni =
1
m2
(
gij − δij)−1 Cj. (6.80)
When these values are plugged back into (6.79), we have an action with no constraints
or gauge symmetries at all, so all the phase space degrees of freedom are active. The resulting
hamiltonian is
H =
1
2κ2
∫
ddx
1
2m2
C2
δijhij
+
1
2m2
Ci (gij − δij)−1 Cj + m2
4
[
δikδjl (hijhkl − hikhjl) + 2δijhij
]
,
(6.81)
which is non-vanishing, unlike in GR. In 4 dimensions, we thus have 12 phase space degrees
of freedom, or 6 real degrees of freedom. The linearized theory had only five degrees of
freedom, and we have here a case where the non-linear theory contains more degrees of
freedom than the linear theory. It should not necessarily be surprising that this can happen,
because there is no reason non-linearities cannot change the constraint structure of a theory,
or that kinetic terms cannot appear at higher order.
As was argued in [32], the hamiltonian (6.81) is not bounded, and since the system is
non-linear, it is not surprising that it has instabilities [81]. The nature of the instability, i.e.
whether it is a ghost of a tachyon, what backgrounds it appears around, and its severity, is
hard to see in the hamiltonian formalism. But in Section 8.2 we will see that this instability
is a ghost, a scalar with a negative kinetic term, and that its mass around a given background
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can be determined. It turns out that around flat space, the ghost degree of freedom is not
excited because its mass is infinite, but around non-trivial backgrounds its mass becomes
finite. This ghostly extra degree of freedom is referred to as the Boulware-Deser ghost [32].
There is still the possibility that adding higher order interaction terms such as h3 terms
and higher, can remove the ghostly sixth degree of freedom. Boulware and Deser analyzed
a large class of various mass terms, showing that the sixth degree of freedom remained [32],
but they did not consider the most general possible potential. This was addressed in [101],
where the analysis was done perturbatively in powers of h. The lapse is expanded around
its flat space values, N = 1 + δN . In this case, δN plays the role of the Lagrange multiplier,
and it is shown that at fourth order, interaction terms involving higher powers of δN cannot
be removed. It is concluded in [101] that the Boulware-Deser ghost is unavoidable, but this
conclusion is too quick. It may be possible that there are field redefinitions under which the
lapse is made to appear linearly. Alternatively, it may be possible that after one solves for
the shift using its equation of motion, then replaces into the action, the resulting action is
linear in the lapse, even though it contained higher powers of the lapse before integrating out
the shift. It is also possible that the lapse appears linearly in the full non-linear action, even
though at any finite order the action contains higher powers of the lapse. (For discussions
and examples of these points, see [34, 102].)
As it turns out, it is in fact possible to add appropriate interactions that eliminate the
ghost [103]. In D dimensions, there is a D − 2 parameter family of such interactions. We
will study these in Section 9, where we will see that they also have the effect of raising the
maximum energy cutoff at which massive gravity is valid as an effective field theory.13
13Note that merely finding a ghost free interacting Lorentz invariant massive gravity theory is not hard –
take for instance U(η, h) = −2 [det (δ νµ + h νµ )− h] in (6.34), while letting the kinetic interactions be those
of the linear graviton only. A hamiltonian analysis just like that of Section (2.1) shows that h00 and h0i
both remain Lagrange multipliers. The problem is that this theory does not go to GR in the m → 0 limit,
it goes to massless gravity. The real challenge is to construct a ghost free Lorentz invariant massive gravity
that reduces to GR.
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7 The non-linear Stu¨kelberg formalism
In this section we will extend the Stu¨kelberg trick to full non-linear order. This will be
a powerful tool with which to elucidate the non-linear dynamics of massive gravity. It will
allow us to trace the breakdown in the linear expansion to strong coupling of the longitudinal
mode. It will also tell us about quantum corrections, the scale of the effective field theory
and where it breaks down, as well as the nature of the Boulware-Deser ghost and whether it
lies within the effective theory or can be consistently ignored.
7.1 Yang-Mills example
We will first warm up with the spin 1 case, and we will set D = 4. The unique theory of
interacting massless spin 1 particles is Yang-Mills theory [3]. Analogously to what we’ve
done with gravity in Section 6.2, consider a non-abelian SU(N) gauge theory with gauge
coupling g, and add a non-gauge invariant mass term with mass m for the gauge bosons,
while leaving the kinetic structure unchanged from the massless case,
S =
∫
d4x
1
2g2
Tr (FµνF
µν) +
m2
g2
Tr (AµA
µ) . (7.1)
The gauge fields are Aµ = −igAaµTa, taking values in a Lie algebra with generators Ta, with
adjoint index a = 1, . . . , N2 − 1. The generators satisfy the usual Lie algebra commutation
and orthogonality relations [Ta, Tb] = if
c
ab Tc, T r(TaTb) =
1
2
δab. The field strength is
Fµν ≡ ∂µAν−∂νAµ+[Aµ, Aν ] = −igF aµνTa. The theory (7.1) naively appears renormalizable,
since there are no interaction terms with mass dimension greater than 4. But the propagators
are those of a massive vector which do not go like ∼ 1/p2, so naive power counting does not
apply.
In the absence of the mass term, the action is invariant under the gauge transformations
Aµ → RAµR† +R∂µR†, (7.2)
where R = e−iα
aTa ∈ SU(N), and αa(x) are gauge parameters. This reads infinitesimally
δAaµ = −1g∂µαa− f abc Abµαc. The field strength transforms covariantly Fµν → RFµνR†, which
reads infinitesimally δF aµν = f
a
bc α
bF cµν .
The mass term breaks the gauge symmetry (7.2) (though it remains invariant under
the global version), so we will restore it by introducing Stu¨kelberg fields. We pattern the
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introduction of the fields after the gauge symmetry we wish to restore, so we make the
replacement
Aµ → UAµU † + U∂µU †, (7.3)
where
U = e−ipi
aTa ∈ SU(N), (7.4)
and the pia(x) are scalar Goldstone fields. The action now becomes gauge invariant under
right gauge transformations14,
Aµ → RAµR† +R∂µR†, U → UR†. (7.5)
The gauge kinetic term is invariant under this replacement, since it is gauge invariant, so
the Goldstones appear only through the mass term
m2
g2
Tr (AµA
µ)→ −m
2
g2
Tr
(
DµU
†DµU
)
, (7.6)
where DµU ≡ ∂µU −UAµ is a covariant derivative, which transforms covariantly under right
gauge transformations15, DµU → (DµU)R†. We can go to the unitary gauge U = 1, and
recover the massive vector action we started with, so the new action is equivalent.
Expanding the terms in (7.6), we find kinetic terms for the vectors and scalars that
require them to be canonically normalized as follows,
A ∼ gAˆ, pi ∼ g
m
pˆi. (7.7)
Note that to lowest order in the fields, the non-linear Stu¨kelberg expansion (7.3) is the same
as the linear one of Section 4.1. Thus the propagators all go like ∼ 1/p2, ordinary power
counting applies, and we can read off strong coupling scales from any non-renormalizable
terms.
For interactions, we have the usual normalizable Yang-Mills interaction terms with
three and four fields, coming from the gauge kinetic term,
∼ g ∂Aˆ3, ∼ g2Aˆ4. (7.8)
14Making the replacement Aµ → U†AµU − U†∂µU would have led to left gauge transformations.
15The sigma model mass term (7.6) is invariant under SU(N)L × SU(N)R global symmetry, U → LUR†,
of which the SU(N)R part is gauged. The SU(N) subgroup L = R is realized linearly, and the rest is
realized non-linearly.
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From the mass term we find the non-renormalizable terms
∼
( g
m
)n−2
∂2pˆin, ∼ g
( g
m
)n−2
∂Aˆ pˆin, ∼ g2
( g
m
)n−2
Aˆ2pˆin. (7.9)
For g < 1, the lowest energy scale suppressing the non-renormalizable terms is ∼ m
g
,
which comes from the terms with only pi fields. The tree level amplitude for pipi → pipi
scattering at energy E calculated from these terms goes like A ∼ g2E2
m2
. This amplitude
becomes order one and unitarity is violated when E exceeds m
g
, thus the Goldstones become
strongly coupled at this energy, and this scale is the maximal cutoff for the theory,
Λ =
m
g
. (7.10)
Note that when g is small this scale is parametrically larger than the vector masses m.
We can take the decoupling limit which keeps this lowest scale fixed, while sending all
the higher scales to infinity,
g,m→ 0, Λ fixed. (7.11)
The only terms that survives this limit are the scalar self-interactions (along with the free
vector fields),
Sdecoupling =
∫
d4x − Λ2Tr (∂µU †∂µU) . (7.12)
This is a limit which focuses in on the cutoff of the theory, ignoring all other scales16. For
this to be a valid limit, we should be looking at energies higher than the vector masses,
and the coupling should be small. In this limit, the pi’s becomes gauge invariant, but due
to the way the Goldstones were introduced through traces of the combination U∂µU
†, they
retain a spontaneously broken SU(N)L × SU(N)R global symmetry, U → LUR†, of which
the SU(N) subgroup L = R is realized linearly.
Since we have an effective theory with cutoff Λ, there will be quantum corrections of
all types compatible with the spontaneously broken SU(N)L × SU(N)R global symmetry,
suppressed by appropriate powers of the cutoff. For example we should find the operators
∼ Tr
((
∂µU
†∂µU
)2)
, ∼ Tr (∂2U †∂2U) , . . . (7.13)
16Note that the lowest scale is the only scale for which it is possible to take a decoupling limit. If we try
to zoom in on a higher scale in a similar fashion, the terms with lower scales will diverge.
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which in unitary gauge look like the non-gauge invariant terms
∼ Tr (A4) , ∼ Tr ((∂A)2) , . . . (7.14)
Notice that the second operator in (7.14) modifies the gauge kinetic term in a non-gauge
invariant way, and naively leads to ghosts. However, the mass of the ghost is m2g ∼ m2/g2 =
Λ2, so it is safely at the cutoff.
We might worry about the hierarchy between the small mass m and the high cutoff
Λ ∼ m/g. If quantum corrections to the mass were to go like δm2 ∼ Λ2, then the mass is
pushed to the cutoff and there is a hierarchy problem which generally requires a solution
in the form of fine-tuning of new physics at the cutoff. However, this does not happen
here. There are only order one quantum corrections to mass δm2 ∼ m2, coming from the
generated operator −Λ2Tr (∂µU †∂µU). Thus the small mass is technically natural, and can
be consistently incorporated in the effective theory.
This nice state of affairs is a consequence of the fact that gauge symmetry is restored
in the limit as m→ 0, so that mass corrections must be proportional to the mass itself. For
this to be true, it was important that there were no modifications to the kinetic structure
of (7.1) not proportional to m, even though symmetry considerations would suggest that
we are free to make such modifications. For example, suppose we try to calculate the mass
correction to Aµ directly in unitary gauge by constructing Feynman diagrams with vertices
read straight from (7.1). There are two interaction vertices ∼ g∂Aˆ3 and ∼ g2Aˆ4 coming from
the kinetic term. The mass term contributes no vertices but alters the propagator so that its
high energy behavior is ∼ 1
m2
. At one loop, there are two 1PI diagrams correcting the mass;
one containing two cubic vertices and two propagators and one containing a single quartic
vertex and a single propagator. Cutting off the loop at the momenta kmax ∼ Λ, the former
diagram gives the largest naive correction δm2 ∼ g2
m4
Λ6 ∼ Λ2
g2
. (The latter diagram gives the
smaller correction δm2 ∼ g2
m2
Λ4 ∼ Λ2.) This is above the cutoff, dangerously higher than the
order one correction δm2 ∼ m2 we found in the Goldstone formalism.
What this means is that there must be a non-trivial cancellation of these leading
divergences in unitary gauge, so that we recover the Goldstone result. This cancellation
happens because the kinetic interactions of (7.1) are gauge invariant, implying that the
dangerous kµkν/m2 terms in the vector propagator do not contribute. Without these terms,
the propagator goes like 1/k2 and the estimate for the first diagram is δm2 ∼ g2Λ2 ∼ m2, in
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agreement with the Goldstone prediction (the second diagram gives the smaller correction
δm2 ∼ g2m2 log g). Non-parametrically altering the coefficients in the kinetic structure would
spoil this cancellation and the resulting technical naturalness of the small mass (though such
alterations could be done without spoiling technical naturalness if the alterations to the
kinetic terms are suppressed by appropriate powers of m). For these reasons, it is desirable
not to mess with the kinetic structure, and to introduce gauge symmetry breaking only
through masses and potentials. The same will be true of massive gravity.
This whole story, more than merely being a toy, can be thought of as a microcosm
for the standard model. The fundamental particles seen so far in the electroweak sector are
(the Higgs hasn’t been seen as of this writing) spin 1/2 fermions and massive SU(2) spin
1 gauge bosons (never mind the massless U(1) and complications of mixing). The gauge
bosons masses are of order m ∼ 102 GeV, and the couplings g ∼ 10−1. Their interactions
at energies above m are well described by the above sigma model, up to an energy cutoff
Λ ∼ m/g ∼ 1 TeV. The reason for building the Large Hadron Collider is that something
must happen at the scale Λ to UV complete the theory.
If one demands that the UV completion be weakly coupled (as is suspected to be the
case for the electroweak sector), one is led to introduce a new physical scalar, the Higgs, which
unitarizes the amplitudes at energies above Λ. This UV completion is the standard model,
a spontaneously broken gauge theory, where the Higgs has a mass µ, and a perturbative
quartic coupling λ < 1, and gets a VEV v ∼ µ/√λ ∼ Λ. The Higgs mass µ ∼ √λΛ sits
somewhere between m ∼ g2v and the cutoff Λ. At the scale µ, the four point amplitude
reaches the value A ∼ λ, the Higgs theory takes over, and the amplitudes cease growing with
the energy, so that unitarity is not violated. From this perspective, studying the addition of
a mass term to a gauge theory is not just an idle theoretical exercise. It leads one to uncover
the Higgs mechanism and a new weakly coupled UV completion which is likely realized in
nature.
We will find an analogous story in the case of massive gravity. There is an effective
field theory with a cutoff parametrically higher than the graviton mass, and the hierarchy is
technically natural. The only missing part is the UV completion, which remains an unsolved
problem.
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7.2 Stu¨kelberg for gravity and the restoration of diffeomorphism
invariance
We will now construct the gravitational analogue of the above. This method was brought to
attention by [33, 104], but was in fact known previously from work in string theory [105, 106].
The full finite gauge transformation for gravity is (6.2),
gµν(x)→ ∂f
α
∂xµ
∂fβ
∂xν
gαβ (f(x)) , (7.15)
where f(x) is the arbitrary gauge function, which must be a diffeomorphism. In massive
gravity this gauge invariance is broken only by the mass term. To restore it, we introduce a
Stu¨ckelberg field Y µ(x), patterned after the gauge symmetry (7.15), and we apply it to the
metric gµν ,
gµν(x)→ Gµν = ∂Y
α
∂xµ
∂Y β
∂xν
gαβ (Y (x)) . (7.16)
The Einstein-Hilbert term
√−gR will not change under this substitution, because it is
gauge invariant, and the substitution looks like a gauge transformation with gauge parameter
Y µ(x), so no Y fields are introduced into the Einstein-Hilbert part of the action.
The graviton mass term, however, will pick up dependence on Y ’s, in such a way that
it will now be invariant under the following gauge transformation
gµν(x)→ ∂f
α
∂xµ
∂fβ
∂xν
gαβ (f(x)) , Y
µ(x)→ f−1 (Y (x))µ . (7.17)
with f(x) the gauge function. This is because the combination Gµν is gauge invariant (not
covariant). To see this, first transform17 gµν ,
∂µY
α∂νY
βgαβ (Y (x))→ ∂µY α∂νY β∂αfλ|Y ∂βfσ|Y gλσ (f(Y (x))) , (7.21)
17The transformation of fields that depend on other fields is potentially tricky. To get it right, it is
sometimes convenient to tease out the dependencies using delta functions. For example, suppose we have a
scalar field φ(x), which we know transforms according to φ(x)→ φ(f(x)). How should φ(Y (x)) transform?
To make it clear, write
φ(Y (x)) =
∫
dyφ(y)δ(y − Y (x)). (7.18)
Now the field φ appears with coordinate dependence, which we know how to deal with,
→
∫
dyφ(f(y))δ(y − Y (x)) = φ (f(Y (x))) . (7.19)
Going through an identical trick for the metric, which we know transforms as gµν(x) → ∂f
α
∂xµ
∂fβ
∂xν gαβ (f(x)),
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and then transform Y ,
→ ∂µ
[
f−1(Y )
]α
∂ν
[
f−1(Y )
]β
∂αf
λ|f−1(Y )∂βfσ|f−1(Y )gλσ (Y (x))
= ∂ρ
[
f−1
]α |Y ∂µY ρ∂τ [f−1]β |Y ∂νY τ∂αfλ|f−1(Y )∂βfσ|f−1(Y )gλσ (Y (x))
= δλρδ
σ
τ ∂µY
ρ∂νY
τgλσ (Y (x)) = ∂µY
λ∂νY
σgλσ (Y (x)) . (7.22)
We now expand Y about the identity,
Y α(x) = xα + Aα(x). (7.23)
The quantity Gµν is expanded as
Gµν =
∂Y α(x)
∂xµ
∂Y β(x)
∂xν
gαβ(Y (x)) =
∂(xα + Aα)
∂xµ
∂(xβ + Aβ)
∂xν
gαβ(x+ A)
= (δαµ + ∂µA
α)(δβν + ∂νA
β)(gαβ + A
λ∂λgαβ +
1
2
AλAσ∂λ∂σgαβ + · · · )
= gµν + A
λ∂λgµν + ∂µA
αgαν + ∂νA
αgαµ +
1
2
AαAβ∂α∂βgµν
+∂µA
α∂νA
βgαβ + ∂µA
αAβ∂βgαν + ∂νA
αAβ∂βgµα + · · · (7.24)
We now look at the infinitesimal transformation properties of g, Y , G, and Y , under
infinitesimal general coordinate transformations generated by f(x) = x + ξ(x). The metric
transforms in the usual way,
δgµν = ξ
λ∂λgµν + ∂µξ
λgλν + ∂νξ
λgµλ. (7.25)
The transformation law for the A’s comes from the transformation of Y ,
Y µ(x)→ f−1(Y (x))µ ≈ Y µ(x)− ξµ(Y (x)),
δY µ = −ξµ(Y ),
δAµ = −ξµ(x+ A) = −ξµ − Aα∂αξµ − 1
2
AαAβ∂α∂βξ
µ − · · · . (7.26)
The Aµ are the Goldstone bosons that non-linearly carry the broken diffeomorphism invari-
ance in massive gravity. The combination Gµν , as we noted before, is gauge invariant
δGµν = 0. (7.27)
we find
gαβ (Y (x))→ ∂αfλ|Y ∂βfσ|Y gλσ (f(Y (x))) . (7.20)
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We now have a recipe for Stu¨kelberg-ing the general massive gravity action of the form
(6.34). We leave the Einstein-Hilbert term alone. In the mass term, we write all the hµν ’s
with lowered indices to get rid of the dependence on the absolute metric, and then we replace
all occurrences of hµν with
Hµν(x) = Gµν(x)− g(0)µν (x). (7.28)
We then expand Gµν as in (7.24), and Y
µ as in (7.23). To linear order in hµν = gµν − g(0)µν
and Aµ, the expansion reads
Hµν = hµν +∇(0)µ Aν +∇(0)ν Aµ, (7.29)
where indices on A are lowered with the background metric. This is exactly the Goldstone
substitution we made in Section 5 in the linear case.
In the case where the absolute metric is flat, g
(0)
µν = ηµν , we have from (7.24),
Hµν = hµν + ∂µAν + ∂νAµ + ∂µA
α∂νAα + · · · (7.30)
Here indices on Aµ are lowered with ηµν and the ellipsis are terms quadratic and higher in
the fields and containing at least one power of h. This takes into account the full non-linear
gauge transformation.
As in the linear case, we will usually want to do another scalar Stu¨kelberg replacement
to introduce a U(1) gauge symmetry,
Aµ → Aµ + ∂µφ. (7.31)
Then the expansion for flat absolute metric takes the form
Hµν = hµν+∂µAν+∂νAµ+2∂µ∂νφ+∂µA
α∂νAα+∂µA
α∂ν∂αφ+∂µ∂
αφ∂νAα+∂µ∂
αφ∂ν∂αφ+· · · ,
(7.32)
where again the ellipsis are terms quadratic and higher in the fields and containing at least
one power of h. The gauge transformation laws are (7.26), (6.8),
δhµν = ∂µξν + ∂νξµ + Lξhµν ,
δAµ = ∂µΛ− ξµ − Aα∂αξµ − 1
2
AαAβ∂α∂βξµ − · · · ,
δφ = −Λ. (7.33)
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This method of Stu¨kelberg-ing can be extended to any number of gravitons and general
coordinate invariances, as was done in [33, 107], in analogy with the gauge theory little Higgs
models and dimensional de-construction [108, 109]. When multiple gravitons are present, all
but one must become massive, since there are no non-trivial interactions between multiple
massless gravitons [110], and these gravitons mimic the Kaluza-Klein spectrum of a discrete
extra dimension. Other work in this area, including applications to bi-gravity and multi-
gravity models, can be found in [111, 112, 113, 114, 50, 115].
7.3 Another way to Stu¨kelberg
In the last section, we introduced gauge invariance and the Stu¨kelberg fields by replacing
the metric gµν with the gauge invariant object Gµν . This is well suited to the case where we
have a potential arranged in the form (6.34), because all the background g(0)µν ’s appearing
in the contractions and determinant of the mass term do not need replacing. The drawback
is that the Stuk¨elberg expansion involves an infinite number of terms higher order in hµν . If
we wish to keep track of the hµν ’s, this is not very convenient.
Instead, we develop another method, which is to introduce the Stu¨kelberg fields through
the background metric g
(0)
µν , and then allow gµν to transform covariantly. This method will
be better suited to a potential arranged in the form (6.40), and will have the advantage that
the Stu¨kelberg expansion contains no higher powers of hµν .
We make the replacement
g(0)µν (x)→ g(0)αβ (Y (x)) ∂µY α∂νY β. (7.34)
The Y α(x) that are introduced are four fields, which despite the index α, are to transform
as scalars under diffeomorphisms
Y α(x)→ Y α(f(x)), (7.35)
or infinitesimally,
δY α = ξν∂νY
α. (7.36)
This is to be contrasted with the transformation rule δY α = ξν∂νY
α−(∂νξα)Y ν which would
hold if Y µ were a vector. Given this scalar transformation rule for Y α, the replaced g
(0)
µν now
transforms like a metric tensor. If we now assign the usual diffeomorpshim transformation law
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to the metric gµν (so that it is now covariant), quantities like g
(0)
µν gµν and other contractions
will transform as diffeomorphism scalars. We can take any action which is a scalar function
of g
(0)
µν and gµν , and introduce gauge invariance in this way
18.
This is convenient when we have a potential of the form (6.40). First we lower all
indices on the hµν ’s in the potential. Now the background metric g
(0)
µν appears only through
hµν = gµν − g(0)µν , so we replace all occurrences of hµν with
Hµν(x) = gµν(x)− g(0)αβ (Y (x)) ∂µY α∂νY β. (7.37)
Note that we need make no replacement on the gµν ’s used to contract the indices, or on the
√−g out front of the potential in (6.40).
Expanding,
Y α = xα − Aα, (7.38)
and using gµν = g
(0)
µν + hµν , we have
Hµν = hµν + g
(0)
να∂µA
α + g(0)µα∂νA
α − g(0)αβ∂µAα∂νAβ + · · · , (7.39)
where the ellipses denote terms that contain derivatives of g
(0)
µν (and so vanish in the usual
case of interest where g
(0)
µν = ηµν). Note the difference in sign for the term quadratic in A
µ
compared with (7.30).
Under infinitesimal gauge transformations we have
δAα = −ξα + ξν∂νAα, (7.40)
δhµν = ∇(0)µ ξν +∇(0)ν ξµ + Lξhµν , (7.41)
where the covariant derivatives are with respect to g
(0)
µν and the indices on ξµ are lowered
using g
(0)
µν . To linear order, the transformations are
δAα = −ξα, (7.42)
δhµν = ∇(0)µ ξν +∇(0)ν ξµ, (7.43)
18This is essentially the technique of spurion analysis, where a coupling constant is made to transform as
a field. A quantity which is normally a background quantity, a coupling constant in the case of spurions, or
the background g
(0)
µν in this case, is made to transform in some way that gives the action more symmetries.
Note that this method of introducing gauge invariance can be carried out on any Lorentz invariant action,
even one that does not contain a dynamical metric gµν . For example, a plain old scalar field in flat space can
be made diffeomorphism invariant in this way. This highlights the fact that general coordinate invariance is
not the critical ingredient that leads one to a theory of gravity, since it can be made to hold in any theory.
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which reproduces the linear Stu¨kelberg expansion used in Section 5.
In the case of a flat background, g
(0)
µν = ηµν , the replacement is
Hµν = hµν + ∂µAν + ∂νAµ − ∂µAα∂νAα, (7.44)
with indices on Aα lowered by ηµν . Notice that this is the complete expression, there are no
higher powers of hµν , unlike (7.30).
We will often follow this with the replacement Aµ → Aµ + ∂µφ to extract the helicity
0 mode. The full expansion thus reads
Hµν = hµν + ∂µAν + ∂νAµ + 2∂µ∂νφ− ∂µAα∂νAα− ∂µAα∂ν∂αφ− ∂µ∂αφ∂νAα− ∂µ∂αφ∂ν∂αφ.
(7.45)
Under infinitesimal gauge transformations,
δhµν = ∂µξν + ∂νξµ + Lξhµν , (7.46)
δAµ = ∂µΛ− ξµ + ξν∂νAµ, (7.47)
δφ = −Λ. (7.48)
Yet another way to introduce Stu¨kelberg fields is advocated in [116, 117, 118], in which
they make the inverse metric gµν covariant through the introduction of scalars gµν(x) →
gαβ (Y −1(x)) ∂αY µ∂βY ν . There have also been many studies, initiated by ’t Hooft, of the so-
called gravitational Higgs mechanism, which is also essentially a Stu¨kelberg-ing of different
forms of massive gravity [119, 120, 121, 122, 123, 124, 125, 126, 127]. All of these are
equivalent to the theories we study, as can be seen simply by going to unitary gauge [128].
At the end of the day, (6.34) is the most general Lorentz invariant graviton potential, and any
Lorentz invariant massive gravity theory will have a unitary gauge with a potential which is
equivalent to it for some choice of the coefficients C1, C2, etc.
8 Stu¨kelberg analysis of interacting massive gravity
In this section, we will set D = 4 and apply the Stu¨kelberg analysis to the massive GR
action (6.32) in the case of a flat absolute metric. The mass term reads
Smass = −M
2
P
2
m2
4
∫
d4xηµνηαβ (hµαhνβ − hµνhαβ) . (8.1)
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The Stu¨kelberg analysis instructs us to make the replacement (7.32),
hµν → Hµν = hµν + ∂µAν + ∂νAµ + ∂µAα∂νAα + 2∂µ∂νφ+ ∂µ∂αφ∂ν∂αφ · · · . (8.2)
The extra terms with h in the ellipsis will not be important for this theory, as we will see.
At the linear level, this replacement is exactly the linear Stu¨kelberg expansion of Section
4. We will have to canonically normalize the fields here to match the fields of the linear
analysis. Using a hat to signify the canonically normalized fields with the same coefficients
as used in Section 4 (although there we omitted the hats), we have
hˆ =
1
2
MPh, Aˆ =
1
2
mMPA, φˆ =
1
2
m2MPφ. (8.3)
We also get a whole slew of interaction terms, third order and higher in the fields,
suppressed by various scales. We always assume m < MP . φ always appears with two
derivatives, A always appears with one derivative, and h always appears with none, so a
generic term, with nh powers of hµν , nA powers of Aµ and nφ powers of φ, reads
∼ m2M2Phnh(∂A)nA(∂2φ)nφ ∼ Λ4−nh−2nA−3nφλ hˆnh(∂Aˆ)nA(∂2φˆ)nφ , (8.4)
where the scale suppressing the term is
Λλ =
(
MPm
λ−1)1/λ , λ = 3nφ + 2nA + nh − 4
nφ + nA + nh − 2 . (8.5)
The larger λ, the smaller the scale, since m < MP . We have nφ + nA + nh ≥ 3, since we are
only considering interaction terms. The term suppressed by the smallest scale is the cubic
scalar term, nφ = 3, nA = nh = 0, which is suppressed by the scale Λ5 = (MPm
4)1/5,
∼ (∂
2φˆ)3
Λ55
, Λ5 = (MPm
4)1/5. (8.6)
In terms of the canonically normalized fields (8.3), the gauge symmetries (7.33) read
δhµν = ∂µξˆν + ∂ν ξˆµ +
2
MP
Lξˆhˆµν ,
δAˆµ = ∂µΛˆ−mξˆµ + 2
MP
ξˆν∂νAˆµ − 2
mM2P
AˆαAˆβ∂α∂β ξˆµ − · · · ,
δφ = −mΛˆ, (8.7)
where we have rescaled Λˆ = mMP
2
Λ and ξˆµ = MP
2
ξµ.
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Finally, note that since the scalar field φ always appears with at least two derivatives
in the Stu¨kelberg replacement (8.2), the resulting action is automatically invariant under the
global galilean symmetry
φ(x)→ c+ bµxµ, (8.8)
where c and bµ are constants. In addition, the action is automatically invariant under global
shifts in Aµ → Aµ + cµ for constant cµ. These symmetries are the gravitational analogs of
the SU(N)L × SU(N)R global symmetry of the Yang-Mills model in Section 7.1. It will
persist even in limits where the gauge symmetries on Aµ and φ no longer act.
8.1 Decoupling limit and breakdown of linearity
As seen in Section 4.2, the propagators have all been made to go like ∼ 1/p2, so normal
power counting applies, and the lowest scale, Λ5, is the cutoff of the effective field theory.
To focus in on the cutoff scale, we take the decoupling limit
m→ 0, MP →∞, T →∞, Λ5, T
MP
fixed. (8.9)
All interaction terms go to zero, except for the scalar cubic term (8.6) responsible for the
strong coupling, which we may calculate using the replacement Hµν = 2∂µ∂νφ+∂µ∂
αφ∂ν∂αφ
since we do not need the vector and tensor terms. As discussed in Section 4.2, we must
also do the conformal transformation hµν = h
′
µν + m
2φηµν . This will diagonalize all the
kinetic terms (except for various cross terms proportional to m which are eliminated with
appropriate gauge fixing terms, as discussed in Section 4.2, and which go to zero anyway in
the decoupling limit).
After all this, the lagrangian for the scalar reads, up to a total derivative,
Sφ =
∫
d4x − 3(∂φˆ)2 + 2
Λ55
[
(φˆ)3 − (φˆ)(∂µ∂νφˆ)2
]
+
1
MP
φˆT. (8.10)
The free graviton coupled to the source via 1
MP
hˆ′µνT
µν also survives the limit, as does the
free decoupled vector.
We can now understand the origin of the Vainshtein radius at which the linear expansion
breaks down around heavy point sources. The scalar couples to the source through the trace,
1
MP
φˆT . To linear order around a central source of mass M , we have
φˆ ∼ M
MP
1
r
. (8.11)
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The non-linear term is suppressed relative to the linear term by the factor
∂4φˆ
Λ55
∼ M
MP
1
Λ55r
5
. (8.12)
Non-linearities become important when this factor becomes of order one, which happens at
the radius
rV ∼
(
M
MP
)1/5
1
Λ5
∼
(
GM
m4
)1/5
. (8.13)
When r . rV , linear perturbation theory breaks down and non-linear effects become impor-
tant. This is exactly the Vainshtein radius found in Section 6.3 by directly calculating the
second order correction to spherical solutions.
In the decoupling limit, the gauge symmetries (8.7) reduce to their linear forms,
δhµν = ∂µξˆν + ∂ν ξˆµ,
δAˆµ = ∂µΛˆ,
δφ = 0. (8.14)
Even though φ is gauge invariant in the decoupling limit, the fact that it always comes with
two derivatives means that the global galileon symmetry (8.8) is still present, as is the shift
symmetry on Aµ.
8.2 Ghosts
Note that the lagrangian (8.10) is a higher derivative action, and its equations of motion are
fourth order. This means that this lagrangian actually propagates two lagrangian degrees of
freedom rather than one, since we need to specify twice as many initial conditions to uniquely
solve the fourth order equations of motion [49], and by Ostrogradski’s theorem [129, 130],
one of these degrees of freedom is a ghost. The decoupling limit contains six degrees of
freedom – two in the massless tensor, two in the free vector, and two in the scalar. This
matches the number of degrees of freedom in the full theory as determined in Section 6.4, so
the decoupling limit we have taken is smooth. The extra ghostly scalar degree of freedom is
the Boulware-Deser ghost. Note that at linear order, the higher derivative scalar terms for
the scalar are not visible, so the linear theory has only 5 degrees of freedom.
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Following [101], let’s consider the stability of the classical solutions to (8.10) around
a massive point source. We have a classical background Φ(r), which is a solution of the
φˆ equation of motion, and we expand the lagrangian of (8.10) to quadratic order in the
fluctuation ϕ ≡ φˆ− Φ. The result is schematically
Lϕ ∼ −(∂ϕ)2 + (∂
2Φ)
Λ55
(∂2ϕ)2. (8.15)
There is a four-derivative contribution to the ϕ kinetic term, signaling that this theory
propagates two linear degrees of freedom. As shown in Section 2 of [101], one is stable and
massless, and the other is a ghost with a mass of order the scale appearing in front of the
higher derivative terms. So in this case the ghost has an r-dependent mass
m2ghost(r) ∼
Λ55
∂2Φ(r)
. (8.16)
This shows that around a flat background, or far from the source, the ghost mass goes
to infinity and the ghost freezes, explaining why it was not seen in the linear theory. It
is only around non-trivial backgrounds that it becomes active. Notice, however, that the
backgrounds around which the ghost becomes active are perfectly nice, asymptotically flat
configurations sourced by compact objects like the Sun, and not disconnected in any way in
field space (this is in contrast to the ghost in DGP, which occurs only around asymptotically
de Sitter solutions).
We are working in an effective field theory with a UV cutoff Λ5, therefore we should
not worry about instabilities until the mass of the ghost drops below Λ5. This happens at
the distance rghost where ∂
2Φc ∼ Λ35. For a source of mass M , at distances r  rV the
background field goes like Φ(r) ∼ M
MP
1
r
, so
rghost ∼
(
M
MP
)1/3
1
Λ5
 rV ∼
(
M
MP
)1/5
1
Λ5
. (8.17)
rghost is parametrically larger than the Vainshtein radius rV .
As we will see in Section 8.4, the distance rghost is the same distance at which quantum
effects become important. Whatever UV completion takes over should cure the ghost insta-
bilities that become present at this scale, so we will be able to consistently ignore the ghost.
We see already that we cannot trust the classical solution even in regions parametrically
farther than the Vainshtein radius. The best we can do is make predictions outside rghost,
and we will have more to say later about this.
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8.3 Resolution of the vDVZ discontinuity and the Vainshtein mech-
anism
We are now in a position to see the mechanism by which non-linearities can resolve the vDVZ
discontinuity. This is known as the Vainshtein mechanism. It turns out to involve the ghost
in a critical role.
Far outside the Vainshtein radius, where the linear term of (8.10) dominates, the field
has the usual Coulombic 1/r form. But inside the Vainshtein radius, where the cubic term
dominates, it is easy to see by power counting that the field gets an r3/2 profile,φˆ ∼
M
MP
1
r
, r  rV ,
φˆ ∼
(
M
MP
)1/2
Λ
5/2
5 r
3/2, r  rV .
(8.18)
At distances much below the Vainshtein radius, the ghost mass (8.16) becomes very
small, and the ghost starts to mediate a long range force. Usually a scalar field mediates
an attractive force, but due to the ghost’s wrong sign kinetic term, the force mediated by
it is repulsive. In fact, it cancels the attractive force due to the longitudinal mode, the
force responsible for the vDVZ discontinuity, and so general relativity is restored inside the
Vainshtein radius.
We will now see this more explicitly. Following [131], some field re-definitions can
be done on the scalar action (8.10), and the result is an action schematically of the form
L = −(∂φ˜)2 + (∂ψ)2 + Λ5/25 ψ3/2 + 1MP φ˜T + 1MP ψT. Here φ˜ is the healthy longitudinal mode,
ψ is the ghost mode, and the original scalar can be found from φˆ = φ˜ − ψ. Both are
coupled gravitationally to the stress tensor. Note that the self-interactions appear in these
variables as a peculiar non-analytic ψ3/2 term (we can also see that the ghost mass around
a background 〈ψ〉 will be Λ5/25 /〈ψ〉1/2). The φ˜ field is free and has the profile φ˜ ∼ MMP 1r
everywhere, mediating an attractive force.
The ψ field however has two competing terms, which becomes comparable at the Vain-
shtein radius. The linear term dominates at radii smaller than the Vainshtein radius, so
ψ ∼ M
MP
1
r
for r  rV . This profile generates a repulsive Coulomb force that exactly
cancels the attractive force mediated by φ˜, so in sum there are no extra forces beyond
gravity in this region. (The leading correction to the profile is found by treating the ψ3/2
term as a perturbation, ψ ∼ ψ0 + ψ(1) + · · · , with ψ0 ∼ MMP 1r , plugging in the equation
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of motion ∂2ψ(1) + Λ
5/2
5 ψ
1/2
(0) = 0 obtaining ψ(1) ∼
(
M
MP
)1/2
Λ
5/2
5 r
3/2, in agreement with
(8.18).) The funny non-linear term dominates at radii larger than the Vainshtein radius, so
ψ ∼
(
M
MP
)2
1
Λ55r
6 for r  rV , and so the ghost profile is negligible in this region compared
to the φ˜ profile. Thus the ghost ceases to be active beyond the Vainshtein radius, and the
longitudinal mode generates a fifth force.
This is known as a screening mechanism, a mechanism for rendering a light scalar
inactive at short distances through non-linearities (see the introduction and references in
[132, 133], and in a different context [134]).
One can think of this as a kind of classical version of a weakly coupled UV completion
via a Higgs. Above the Vainshtein radius (low energies), there is only the long distance scalar,
which starts to become non-linear (strongly coupled) around the Vainshtein radius, so one
can think of this regime in terms of an effective field theory with cutoff the Vainshtein radius.
Below the Vainshtein radius (high energies), a new degree of freedom, the ghost (analogous
to the physical Higgs in the standard model), kicks in. Much below the Vainshtein radius,
everything is again linear and weakly coupled, with the difference that there are now two
active degrees of freedom, so one can think of this as a classical UV completion of the effective
theory.
Of course, this ghostly mechanism for restoring continuity with GR relies on an in-
stability, which would become apparent were we to investigate small fluctuations beyond
the gross-scale features described here. Furthermore, as we will see in the next section, the
ghost issue is moot, since the classical mechanism described in this section occurs outside
the regime of validity of the quantum effective theory and is swamped by unknown quantum
corrections.
8.4 Quantum corrections and the effective theory
Quantum mechanically, massive gravity is an effective field theory, since there are non-
renormalizable operators suppressed by the mass scale Λ5. The amplitude for pipi → pipi
scattering at energy E, coming from the cubic coupling in (8.10), goes like A ∼
(
E
Λ5
)10
.
This amplitude should correspond to the scattering of longitudinal gravitons. The wave
function of the longitudinal graviton (2.20) for a large boost is proportional to m−2, while
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the largest term at high momentum in the graviton propagator (2.44) is proportional to m−4,
so naive power counting would suggest that the amplitude at energies much larger than m
goes like A ∼ E14
M2Pm
12 . However, as recognized in [33], and calculated explicitly in [135], there
is a cancellation in the diagrams so that the result agrees with the result of the Goldstone
description. We will encounter these kinds of cancellations again in loops, and part of the
usefulness of the Goldstone description is that they are made manifest.
The amplitude becomes order one and hence strongly coupled when E ∼ Λ5. Thus Λ5
is the maximal cutoff of the theory. We expect to generate all operators compatible with the
symmetries, suppressed by appropriate powers of the cutoff. In the unitary gauge, there are
no symmetries, so we will generate all operators of the form
cp,q∂
qhp. (8.19)
We wish to determine the scales in the coefficient cp,q.
After Stu¨kelberg-ing, the decoupling limit theory contains only the scalar φˆ, and the
single coupling scale Λ5. In addition, there is the galileon symmetry φˆ → φˆ + c + cµxµ.
Quantum mechanically, we expect to generate in the quantum effective action all possible
operators with this symmetry, suppressed by the appropriate power of the cutoff Λ5. The
galileon symmetry forces each φˆ to carry at least two derivatives19, so the general term we
can have is
∼ ∂
q(∂2φˆ)p
Λ3p+q−45
. (8.20)
To compare to (8.19), we go back to the original normalization for the fields by replacing
φˆ ∼ m2MPφ and recall that ∂µ∂νφ comes from an hµν to find that in unitary gauge the
coefficients cp,q go like
cp,q ∼ Λ−3p−q+45 MpPm2p =
(
m16−4q−2pM2p−q+4P
)1/5
. (8.21)
This comparison is possible because the operations of taking the decoupling limit and com-
puting quantum corrections should commute.
19Actually, there are a finite number of terms which have fewer than two derivatives per field, the so-called
galileon terms [136] which change by a total derivative under the galileon symmetry [136]. However, there is
a non-renormalization theorem that says these are not generated at any loop by quantum corrections [137],
so we need not include them. We will encounter them later when we raise the cutoff to Λ3.
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Notice that the term with p = 2, q = 0 is a mass term, ∼ M2Pm4
Λ25
h2, corresponding to
a mass correction δm2 = m2
(
m2
Λ25
)
. This is down by a factor of m2/Λ25 from the tree level
mass term. Thus a small mass graviton mass m Λ5 is technically natural, and there is no
quantum hierarchy problem associated with a small mass. This is in line with the general
rule of thumb that a small term is technically natural if a symmetry emerges as the term
is dialed to zero. In this case, it is the diffeomorphism symmetry of GR which is restored
as the mass term goes to zero. The quantum mass correction will also generically ruin the
Fierz-Pauli tuning, but its coefficient is small enough that ghost/tachyons associated to the
tuning violation are postponed to the cutoff – indeed the resulting ghost mass, using the
relations in the second paragraph of Section 2, is ∼ Λ5.
Similar to the spin 1 case in Section 7.1, it is important that there were no non-
parametric modifications to the kinetic structure of the Einstein-Hilbert term, even though
the lack of gauge symmetry would suggest that we are free to make such modifications.
Suppose we try to calculate the mass correction directly in unitary gauge. The graviton mass
term contributes no vertices but alters the propagator so that its high energy behavior is∼ k2
m4
(the next leading terms go like 1
m2
and then 1
k2
). At one loop, there are two 1PI diagrams
correcting the mass; one containing two cubic vertices 1
MP
∂2hˆ3 from the Einstein-Hilbert
action and two propagators, and another containing a single quartic vertex 1
M2P
∂2hˆ4 from
the Einstein-Hilbert action and a single propagator. Cutting off the loop at the momenta
kmax ∼ Λ5, the first diagram gives the largest naive correction δm2 ∼ 1M2Pm8 Λ
12
5 ∼ Λ25. (The
second diagram gives a smaller correction.) This is at the cutoff, dangerously higher than
the small correction δm2 ∼ m2m2
Λ25
we found in the Goldstone formalism.
This means that there must be a non-trivial cancellation of this leading divergence in
unitary gauge, so that we recover the Goldstone result. This cancellation happens because
the kinetic interactions of Einstein-Hilbert are gauge invariant, implying that the dangerous
kµkνkαkβ/m4 terms in the graviton propagator do not contribute. Without these terms, the
propagator goes like 1/m2 and the estimate for the first diagram is δm2 ∼ 1
M2Pm
4 Λ
8
5 ∼ m2m
2
Λ25
,
in agreement with the Goldstone prediction (again the second diagram again gives a smaller
correction). Non-parametrically altering the coefficients in the kinetic structure would spoil
this cancellation and the resulting technical naturalness of the small mass (though such
alterations could be done without spoiling technical naturalness if the alterations to the
kinetic terms are parametrically suppressed by appropriate powers of m). These kinds of
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cancellations can be seen explicitly in the calculations of [135]. Some loop calculations for
massive gravity have been done in [138, 139].
In summary, in unitary gauge the theory (6.32) in D = 4 is a natural effective field
theory with a cutoff parametrically larger than the graviton mass, with the effective action
S =
∫
d4x
M2P
2
[√−gR− m2
4
(h2µν − h2)
]
+
∑
p,q
cp,q∂
qhp, (8.22)
and a cutoff Λ5 = (m
4MP )
1/5.
We should take into account the effect that the unknown quantum operators have on
the solution around a heavy source. Given that the linear field goes like φˆ ∼ M
MP
1
r
, the radius
rp,q at which the term (8.20) becomes comparable to the kinetic term (∂φˆ)
2 is
rp,q ∼
(
M
MPl
) p−2
3p+q−4 1
Λ5
. (8.23)
This distance increases with p, and asymptotes to its highest value
rQ ∼
(
M
MPl
)1/3
1
Λ5
. (8.24)
Thus we cannot trust the classical solution at distances below rQ, since quantum op-
erators become important there. This distance is parametrically larger than the Vainshtein
radius, where classical non-linearities become important. Unlike the case in GR, there is
no intermediate regime where the linear approximation breaks down but quantum effects
are still small, so there is no sense in which a non-linear solution to massive gravity can be
trusted for making real predictions in light of quantum mechanics.
In particular, the entire ghost screening mechanism of Section 8.3 is in the non-linear
regime, and so it becomes swamped in quantum corrections. Thus there is no regime for
which GR is a good approximation – the theory transitions directly from the linear classical
regime with a long range fifth force scalar, to the full quantum regime. Note that it is the
higher dimension operators that become important first, so there is no hope of finding the
leading quantum corrections. Finally, the radius rQ is the same as the radius rghost where
the ghost mass drops below the cutoff, so it is consistent to ignore the ghost since it lies
beyond the reach of the quantum effective theory. The various regions are shown in Figure
3. Note that in the decoupling limit we are working in, the Schwarzschild radius (and the
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radii associated to all scales larger than Λ5) are sent to zero, while the scale r ∼ 1m where
Yukawa suppression takes hold is sent to infinity.
r →
Quantum
rQ ∼ 1024 kmrV ∼ 1019 km
rQ ∼
￿
M
MP
￿1/3
1
Λ5
rV ∼
￿
M
MP
￿1/5
1
Λ5
Classical
Ghost
Non-linear (classically) Linear (classically)
Figure 3: Regimes for massive gravity with cutoff Λ5 = (MPm4)1/5, and some values within the
solar system, for which Λ−15 ∼ 1011 km. Note that rQ is a bit larger than the observable universe,
i.e. this theory makes no observable predictions within its range of validity.
9 The Λ3 theory
We have seen that the theory (6.32) containing only the linear graviton mass term has some
undesirable features, including a ghost instability and quantum corrections that become
important before classical non-linearities can restore continuity with GR. In this section,
we consider the higher order potential terms in (6.34) and ask whether they can alleviate
these problems. It turns out that there is a special choice of potential that cures all these
problems, at least in the decoupling limit.
This choice also has the advantage of raising the cutoff. With only the Fierz-Pauli
mass term, the strong coupling cutoff was set by the cubic scalar self coupling ∼ (∂2φˆ)3
Λ55
. The
cutoff Λ5 = (MPm
4)1/5 is very low, and as we will see, generically any interaction term will
have this cutoff. But by choosing this special tuning of the higher order interactions, we end
up raising the cutoff to the higher scale Λ3 = (MPm
2)1/3.
It was recognized already in [33], that if the scalar self-interactions could be eliminated,
the cutoff would be raised to Λ3. This was studied more fully in [101], where the cancelation
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was worked through and it was (mistakenly) concluded that ghosts would be unavoidable
once the cutoff was raised. Motivated by constructions of massive gravity with auxiliary
extra dimensions (see Section 10.3), this was revisited in [34, 102], where the decoupling
limit lagrangian was calculated explicitly and was seen to be ghost free. In [103], the full
theory was shown to be ghost free20.
9.1 Tuning interactions to raise the cutoff
Looking back at the scales (8.5), the term suppressed by the smallest scale is the cubic scalar
term, which is suppressed by the scale Λ5 = (MPm
4)1/5,
∼ (∂
2φˆ)3
MPm4
. (9.1)
The next highest scale is Λ4 = (MPm
3)1/4, carried by a quartic scalar interaction, and a
cubic term with a single vector and two scalars,
∼ (∂
2φˆ)4
M2Pm
6
, ∼ ∂Aˆ(∂
2φˆ)2
MPm3
. (9.2)
The next highest is a quintic scalar, and so on. The only terms which carry a scale less than
Λ3 = (MPm
2)1/3 are terms with only scalars (∂2φˆ)n, and terms with one vector and the rest
scalars ∂Aˆ(∂2φˆ)n.
The scale Λ3 is carried by only the following terms
∼ hˆ(∂
2φˆ)n
Mn+1P m
2n+2
, ∼ (∂Aˆ)
2(∂2φˆ)n
Mn+2P m
2n+4
. (9.3)
All other terms carry scales higher than Λ3.
It turns out that we can arrange to cancel all of the scalar self couplings by appropriately
choosing the coefficients of the higher order terms. We will work with the form of the
potential in (6.40) where indices are raised with the full metric, and the Stu¨kelberg formalism
of Section 7.3. We do because we eventually want to keep track of powers of h, so the form
of the Stu¨kelberg replacement in Section 7.3 is simpler. We are interested only in scalar self
interactions, so we may make the replacement (7.45) with the vector field set to zero,
Hµν → 2 ∂µ∂νφ− ∂µ∂αφ ∂ν∂αφ. (9.4)
20The objections of [118] and [140] are addressed in [141] and [142] respectively.
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The interaction terms are a function of the matrix of second derivatives Πµν ≡ ∂µ∂νφ.
As reviewed in Appendix A, there is at each order in φ a single polynomial in Πµν which
is a total derivative. By choosing the coefficients (6.40) correctly, we can arrange for the φ
terms to appear in these total derivative combinations. The total derivative combinations
have at each order in φ as many terms as there are terms in the potential of (6.40), so all the
coefficients must be fixed, except for one at each order which becomes the overall coefficient
of the total derivative combination.
The choice of coefficients in the potential (6.40) which removes the scalar self interac-
tions is, to fifth order [34],
c1 = 2c3 +
1
2
, c2 = −3c3 − 1
2
, (9.5)
d1 = −6d5 + 1
16
(24c3 + 5), d2 = 8d5 − 1
4
(6c3 + 1) ,
d3 = 3d5 − 1
16
(12c3 + 1), d4 = −6d5 + 3
4
c3, (9.6)
f1 =
7
32
+ 9
8
c3 − 6d5 + 24f7 , f2 = − 532 − 1516c3 + 6d5 − 30f7 ,
f3 =
3
8
c3 − 3d5 + 20f7 , f4 = − 116 − 34c3 + 5d5 − 20f7 ,
f5 =
3
16
c3 − 3d5 + 15f7 , f6 = d5 − 10f7 .
(9.7)
At each order, there is a one-parameter family of choices that works to create a total deriva-
tive. Here c3, d5 and f7 are chosen to carry that parameter at order 3, 4 and 5 respectively.
Note however that at order 5 and above (or D + 1 and above if we were doing this in D
dimensions), there is one linear combination of all the terms, the characteristic polynomial of
h mentioned below (6.39), that vanishes identically. This means that one of the coefficients
is redundant, and we can in fact set d5 and its higher counterparts to any value we like
without changing the theory. Thus there is only a two parameter family (D − 2 parameter
in dimension D) of theories with no scalar self-interactions. This can be carried through at
all orders, and at the end there will be no terms ∼ (∂2φ)n.
The only terms with interaction scales lower than Λ3 were the scalar self-interactions
(∂2φˆ)n, and terms with one vector and the rest scalars ∂Aˆ(∂2φˆ)n. We have succeeded in
eliminating the scalar self-interactions, but since these always came from combinations (Aµ+
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∂µ) the terms ∂Aˆ(∂
2φˆ)n are automatically of the form ∂µAνX
(n)
µν , where the X
(n)
µν are the
functions of ∂µ∂νφ described in Appendix A, which are identically conserved ∂
µX
(n)
µν =
0. Thus, once the scalar self-interactions are eliminated, the ∂Aˆ(∂2φˆ)n terms are all total
derivatives and are also eliminated.
Now the lowest interaction scale will be due to the terms in (9.3),
∼ hˆ(∂
2φˆ)n
Mn+1P m
2n+2
, ∼ (∂Aˆ)
2(∂2φˆ)n
Mn+2P m
2n+4
, (9.8)
which are suppressed by the scale Λ3 = (MPm
2)1/3, so the cutoff has been raised to Λ3,
carried by the terms (9.8).
The decoupling limit is now
m→ 0, MP →∞, Λ3 fixed, (9.9)
and the only terms which survive are those in (9.3). To find these terms we must now go
back to the full Stu¨kelberg replacement (7.45), and we must also expand the inverse metric
and determinant in the potential of (6.40) in powers of h. The h(∂2φ)n terms, up to quintic
order in the decoupling limit, and up to total derivatives are [34],
S =
∫
d4x
1
2
hˆµνEµν,αβhˆαβ − 1
2
hˆµν
[
−4X(1)µν (φˆ) +
4(6c3 − 1)
Λ33
X(2)µν (φˆ) +
16(8d5 + c3)
Λ63
X(3)µν (φˆ)
]
+
1
MP
hˆµνT
µν . (9.10)
Here the X
(n)
µν are the identically conserved combinations of ∂µ∂νφˆ described in Appendix
A. The (∂A)2(∂2φ) terms can be found to cubic order in [143]. The terms with A’s can in
any case be consistently set to zero at the classical level, since they never appear linearly
in the lagrangian, so we will focus only on the terms involving h and φ. Properties of this
lagrangian, including its cosmological solutions, degravitation effects and phenomenology are
studied in [144]. Spherical solutions are studied in [145]. The cosmology of a covariantized
version is studied in [146].
In terms of the canonically normalized fields (8.3), the gauge symmetries (7.48) of the
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full theory are
δAˆµ = ∂µΛˆ−mξˆµ + 2
MP
ξˆν∂νAˆµ, (9.11)
δhµν = ∂µξˆν + ∂ν ξˆµ +
2
MP
Lξˆhˆµν , (9.12)
δφ = −mΛˆ, (9.13)
where we have rescaled Λˆ = mMP
2
Λ and ξˆµ = MP
2
ξµ. In the decoupling limit (9.9), this gauge
symmetry reduces to its linear form,
δAˆµ = ∂µΛˆ, (9.14)
δhµν = ∂µξˆν + ∂ν ξˆµ, (9.15)
δφ = 0. (9.16)
The lagrangian (9.10) should be invariant under the decoupling limit gauge symmetries
(9.16). Indeed, the identity ∂µX
(n)
µν = 0 ensures that it is. The scalar φ is gauge invariant in
the decoupling limit, but the fact that it always comes with two derivatives means that the
global galileon symmetry (8.8) is still present, as is the shift symmetry on Aµ.
Note that for the specific choice c3 = 1/6 and d5 = −1/48, all the interaction terms
disappear. This could mean that the theory becomes strongly coupled at some scale larger
than Λ3, or there could be no lowest scale, since there are scales arbitrarily close to but above
Λ3. In the later case, the theory would have no non-linear behavior, and so no mechanism
to recover continuity with GR, and it would therefore be ruled out observationally.
9.2 Exactness of the decoupling limit
In [102], a nice trick was used to show that the decoupling limit lagrangian (9.10) is exact
to all orders in the fields, that is, there are no further terms h(∂2φ)n for n ≥ 4. In fact, the
method extends easily to any dimension, showing that in dimension D, there are no further
terms h(∂2φ)n for n ≥ D.
Define a new tensor,
Kµν(g,H) = δµν −
√
δµν −Hµν =
∞∑
n=1
dn(H
n)µν , dn = −
(2n)!
(1− 2n)(n!)24n . (9.17)
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Here indices are raised using the full metric gµν , H
µ
ν = g
µαHαν , and (H
n)µν = H
µ
α1
Hα1α2 · · ·Hαn−1ν
denotes the matrix product of n tensors. The tensor Kµν = gµαKαν is defined so that, given
the Stu¨kelberg replacement with no vectors Hµν = hµν + 2 ∂µ∂νφ− ∂µ∂αφ ∂ν∂αφ, we have
Kµν(g,H)
∣∣∣
hµν=0
= ∂µ∂νφ . (9.18)
Using K as a new variable, the most general potential in (6.40) can be written as
W (g,K) = 〈K2〉 − 〈K〉2 + c˜1〈K3〉+ c˜2〈K2〉〈K〉+ c˜3〈K〉3 + · · · (9.19)
where brackets mean traces with respect to the full metric, and the tilde coefficients are
arbitrary and can be related to those in (6.40) by expanding. Because of the property (9.18),
this reorganization of the potential makes it easy to see what the scalar self-interactions look
like – they are simply W (g,K) = W (g,Π). Thus the Λ3 theory corresponds to choosing
coefficients in (9.19) such that the K terms appear in the total derivative combinations of
Appendix A. Each total derivative combination can have an arbitrary overall coefficient, so
the Λ3 theory corresponds to
W (g,K) =
∑
n≥2
αnLTDn (K), (9.20)
with arbitrary coefficients αn. These coefficients correspond to the free coefficients of the Λ3
theory, α2 = −22, α3 = 23c3, α4 = 24d5, etc. In (9.20), the sum is finite and stops at n = D,
since the total derivative combinations vanish for n > D.
The decoupling limit interactions contain only one power of h, so the entire decoupling
limit action is given by (note that in this section the fields are not canonically normalized)
S =
∫
d4x
1
2κ2
(
1
4
hµνEµν,αβhαβ − m
2
4
hµνX¯µν
)
, (9.21)
where
X¯µν =
δ
δhµν
(√−gW (g,K)) ∣∣
hµν=0
. (9.22)
Using the relation
δ
δhµν
〈Kn〉∣∣
hµν=0
=
n
2
(
Πn−1µν − Πnµν
)
, (9.23)
we calculate
δ
δhµν
(√−gLTDn (K)) ∣∣hµν=0 = n∑
m=0
(−1)mn!
2(n−m)!
(
Πmµν − Πm−1µν
)LTDn−m(Π) = 12 (X(n)µν + nX(n−1)µν ) ,
(9.24)
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where we have used the definitions Π ≡ ∂µ∂νφ, as well as Π0µν ≡ ηµν and Π−1µν ≡ 0, and the
X
(n)
µν are the identically conserved combinations of ∂µ∂νφˆ described in Appendix A. Thus we
have
X¯µν =
1
2
∑
n≥2
αn
(
X(n)µν + nX
(n−1)
µν
)
. (9.25)
For D = 4 this agrees with (9.10), showing that (9.10) contains all the scalar and tensor
terms of the decoupling limit. Some other re-summations are discussed in [147, 93].
9.3 The appearance of galileons and the absence of ghosts
We can partially diagonalize the interaction terms in (9.10) by using the properties (A.18).
First, we perform the conformal transformation needed to diagonalize the linear terms, hˆµν →
hˆµν + φˆηµν , after which the lagrangian takes the form
S =
∫
d4x
1
2
hˆµνEµν,αβhˆαβ − 1
2
hˆµν
[
4(6c3 − 1)
Λ33
Xˆ(2)µν +
16(8d5 + c3)
Λ63
Xˆ(3)µν
]
+
1
MP
hˆµνT
µν
−3(∂φˆ)2 + 6(6c3 − 1)
Λ33
(∂φˆ)2φˆ+ 16(8d5 + c3)
Λ63
(∂φˆ)2
(
[Πˆ]2 − [Πˆ2]
)
+
1
MP
φˆT.
(9.26)
Here the brackets are traces of Πˆµν ≡ ∂µ∂ν pˆi and its powers (the notation is explained at the
end of the Introduction).
The cubic hφφ couplings can be eliminated with a field redefinition hˆµν → hˆµν +
2(6c3−1)
Λ33
∂µφˆ∂νφˆ, after which the lagrangian reads,
S =
∫
d4x
1
2
hˆµνEµν,αβhˆαβ − 8(8d5 + c3)
Λ63
hˆµνXˆ(3)µν +
1
MP
hˆµνT
µν
−3(∂φˆ)2 + 6(6c3 − 1)
Λ33
(∂φˆ)2φˆ− 4(6c3 − 1)
2 − 4(8d5 + c3)
Λ63
(∂φˆ)2
(
[Πˆ]2 − [Πˆ2]
)
−40(6c3 − 1)(8d5 + c3)
Λ93
(∂φˆ)2
(
[Πˆ]3 − 3[Πˆ2][Πˆ] + 2[Πˆ3]
)
+
1
MP
φˆT +
2(6c3 − 1)
Λ33MP
∂µφˆ∂νφˆT
µν .
(9.27)
There is no local field redefinition that can eliminate the hφφφ quartic mixing (there is a
non-local redefinition that can do it), so this is as unmixed as the lagrangian can get while
staying local.
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The scalar self-interactions in (9.27) are given by the following four lagrangians,
L2 = −1
2
(∂φ)2 ,
L3 = −1
2
(∂φ)2[Π] ,
L4 = −1
2
(∂φ)2
(
[Π]2 − [Π2]) ,
L5 = −1
2
(∂φ)2
(
[Π]3 − 3[Π][Π2] + 2[Π3]) . (9.28)
These are known as the galileon terms [136] (see also Section II of [137] for a summary of the
galileons). They share two special properties: their equations of motion are purely second
order (despite the appearance of higher derivative terms in the lagrangians), and they are
invariant up to a total derivative under the galilean symmetry (8.8), φ(x)→ φ(x)+ c+ bµxµ.
As shown in [136], the terms (9.28) are the only polynomial terms in four dimensions with
these properties.
The galileon was first discovered in studies of the DGP brane world model [35] (which
we will explore in more detail in Section 10.2), for which the cubic galileon, L3, was found
to describe the leading interactions of the brane bending mode [148, 149]. The rest of the
galileons were then discovered in [136], by abstracting the properties of the cubic term away
from DGP. They have some other very interesting properties, such as a non-renormalization
theorem (see e.g. Section VI of [137]), and a connection to the Lovelock invariants through
brane embedding [150]. Due to these unexpected and interesting properties, they have since
taken on a life of their own. They have been generalized in many directions [151, 152, 153,
154, 155, 156, 157], and are the subject of much recent activity (see for instance the > 100
papers citing [136]).
The fact that the equations are second order ensures that, unlike (8.10), no extra
degrees of freedom propagate. In fact, as pointed out in [34], the properties (A.17) of the
tensors Xµν guarantee that there are no ghosts in the lagrangian (9.10) of the decoupling
limit theory.21 By going through a hamiltonian analysis similar to that of Section 2.1, we
can see that h00 and h0i remain Lagrange multipliers enforcing first class constraints (as they
should since the lagrangian (9.10) is gauge invariant. In addition, the equations of motion
21 This is contrary to [101], which claims that a ghost is still present at quartic order. As remarked however
in [34], they arrive at the incorrect decoupling limit lagrangian, which can be traced to a minus sign mistake
in their Equation 5, which should be as in (9.4).
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remain second order, so the decoupling limit lagrangian (9.10) is free of the Boulware-Deser
ghost and propagates 3 degrees of freedom around any background.
Once the two degrees of freedom of the vector Aµ are included, and if there are no
ghosts in the vector part or its interactions, the total number degrees of freedom goes to 5,
the same as the linear massive graviton. The vector interactions were shown to be ghost free
at cubic order in [143]. It was shown in [102] that the full theory beyond the decoupling limit,
including all the fields, is ghost free, up to quartic order in the fields. This guarantees that
any ghost must carry a mass scale larger than Λ3 and hence can be consistently excluded
from the quantum theory. Finally, in [103] it was shown using the hamiltonian formalism
that the full theory, including all modes and to all orders beyond the decoupling limit, carries
5 degrees of freedom. The Λ3 theory is therefore free of the Boulware-Deser ghost, around
any background. This can also been seen in the Stu¨kelberg language [141].
9.4 The Λ3 Vainshtein radius
We can now derive the scale at which the linear expansion breaks down around heavy point
sources in the Λ3 theory. To linear order around a central source of mass M , the fields still
have their usual Coulomb form,
φˆ, hˆ ∼ M
MP
1
r
. (9.29)
The non-linear terms in (9.10) or (9.27) are suppressed relative to the linear term by a
different factor than in the Λ5 theory,
∂2φˆ
Λ33
∼ M
MP
1
Λ33r
3
. (9.30)
Non-linearities become important when this factor becomes of order one, which happens at
the radius
r
(3)
V ∼
(
M
MP
)1/3
1
Λ3
∼
(
GM
m2
)1/3
. (9.31)
This is parametrically larger than the Vainshtein radius found in the Λ5 theory.
It is important that the decoupling limit lagrangian was ghost free. To see what would
go wrong if there were a ghost, expand around some spherical background φˆ = Φ(r) + ϕ,
and similarly for hµν . The cubic coupling and quartic couplings could possibly give fourth
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order kinetic contributions of the schematic form, respectively,
1
Λ33
Φ(∂2ϕ)2,
1
Λ63
Φ∂2Φ(∂2ϕ)2. (9.32)
These would correspond to ghosts with r-dependent masses,
m2ghost(r) ∼
Λ33
Φ
,
Λ63
Φ∂2Φ
. (9.33)
or, given that the background fields go like Φ ∼ M
MP
1
r
,
m2ghost(r) ∼
MP
M
Λ33r,
(
MP
M
)2
Λ63r
4. (9.34)
Thus the ghost mass sinks below the cutoff Λ3 at the radius
r
(3)
ghost ∼
(
M
MP
)
1
Λ3
,
(
M
MP
)1/2
1
Λ3
. (9.35)
As happened in the Λ5 theory, these radii are parametrically larger than the Vainshtein
radius. This is a fatal instability which renders the whole non-linear region inaccessible,
unless we lower the cutoff of the effective theory so that the ghost stays above it, in which
case unknown quantum corrections would also kick in at ∼ r(3)ghost, swamping the entire non-
linear Vainshtein region.
9.5 The Vainshtein mechanism in the Λ3 theory
In the Λ5 theory, the key to the resolution of the vDVZ discontinuity and recovery of GR
was the activation of the Boulware-Deser ghost, which cancelled the force due to the lon-
gitudinal mode. In the Λ3 theory, there is no ghost (at least in the decoupling limit), so
there must be some other method by which the scalar screens itself to restore continuity
with general relativity. This method uses non-linearities to enlarge the kinetic terms of the
scalar, rendering its couplings small.
To see how this works, consider the lagrangian in the form (9.26). Set d5 = −c3/8,
c3 = 5/36 to simplify coefficients, and ignore for a second the cubic hφφ coupling, so that
we only have a cubic φ self-interaction governed by the galileon term L3,
S =
∫
d4x − 3(∂φˆ)2 − 1
Λ33
(∂φˆ)2φˆ+ 1
M4
φˆT. (9.36)
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This is the same lagrangian studied in [149] in the DGP context.
Consider the static spherically symmetric solution, φˆ(r), around a point source of mass
M , T ∼ Mδ3(r). The solution transitions, at the Vainshtein radius r(3)V ≡
(
M
MPl
)1/3
1
Λ3
,
between a linear and non-linear regime. For r  r(3)V the kinetic term in (9.36) dominates
over the cubic term, linearities are unimportant, and we get the usual 1/r Coulomb behavior.
For r  r(3)V , the cubic term is dominant, and we get a non-linear
√
r potential,
φˆ(r) ∼

Λ33r
(3)
V
2
(
r
r
(3)
V
)1/2
r  r(3)V ,
Λ33r
(3)
V
2
(
r
(3)
V
r
)
r  r(3)V .
(9.37)
We can see the Vainshtein mechanism at work already by calculating the ratio of the
fifth force due to the scalar to the force from ordinary newtonian gravity,
Fφ
FNewton
=
φˆ′(r)/MP
M/(M2P r
2)
=
∼
(
r
r
(3)
V
)3/2
r  r(3)V ,
∼ 1 r  r(3)V .
(9.38)
There is a gravitational strength fifth force at distances much farther than the Vainshtein
radius, but the force is suppressed at distances smaller than the Vainshtein radius.
This suppression extends to all scalar interactions in the presence of the source. To
see how this comes about, we study perturbations around a given background solution Φ(x).
Expanding
φˆ = Φ + ϕ, T = T0 + δT, (9.39)
we have after using the identity (∂µϕ)ϕ = ∂ν
[
∂νϕ∂µϕ− 1
2
ηµν(∂ϕ)2
]
on the quadratic parts
and integrating by parts
Sϕ =
∫
d4x − 3(∂ϕ)2 + 2
Λ3
(∂µ∂νΦ− ηµνΦ) ∂µϕ∂νϕ− 1
Λ3
(∂ϕ)2ϕ+ 1
M4
ϕδT. (9.40)
Note that expanding the cubic term yields new contributions to the kinetic terms, with
coefficients that depend on the background. Unlike the Λ5 lagrangian (8.10), no higher
derivative kinetic terms are generated, so no extra degrees of freedom are propagated on any
background. This is a property shared by all the galileon lagrangians (9.28) [158].
Around the solution (9.37), the coefficient of the kinetic term in (9.40) is O(1) at
distances r  r(3)V , but goes like
(
r
(3)
V
r
)3/2
for distances r  r(3)V . Thus the kinetic term
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is enhanced at distances below the Vainshtein radius, which means that after canonical
normalization the couplings of the fluctuations to the source are reduced. The fluctuations
ϕ effectively decouple near a large source, so the scalar force between two small test particles
in the presence of a large source is reduced, and continuity with GR is restored. A more
careful study of the Vainshtein screening in the Λ3 theory, including numerical solutions of
the decoupling limit action, can be found in [145].
9.6 Quantum corrections in the Λ3 theory
As in Section 8.4, we expect quantum mechanically the presence of all operators with at
least two derivatives per φ, now suppressed by the cutoff Λ3 (we ignore for simplicity the
scalar tensor interactions),
∼ ∂
q(∂2φˆ)p
Λ3p+q−43
. (9.41)
These are in addition to the classical galileon terms in (9.27), which have fewer derivatives
per φ, and are of the form
∼ (∂φˆ)
2(∂2φˆ)p
Λ3p3
. (9.42)
An analysis just like that of Section 8.4 shows that the terms (9.41) become important
relative to the kinetic term at the radius r ∼
(
M
MPl
)1/3
1
Λ3
. This is the same radius at which
classical non-linear effects due to (9.42) become important and alter the solution from its
Coulomb form. Thus we must instead compare the terms (9.41) to the classical non-linear
galileon terms (9.42). We see that the terms (9.41) are all suppressed relative to the galileon
terms (9.42) by powers of ∂/Λ3, which is ∼ 1Λ3r regardless of the non-linear solution. Thus,
quantum effects do not become important until the radius
rQ ∼ 1
Λ3
, (9.43)
which is parametrically smaller than the Vainshtein radius (9.31).
This behavior is much improved from that of the Λ5 theory, in which the Vainshtein
region was swamped by quantum correction. Here, there is a parametrically large intermedi-
ate classical region in which non-linearities are important but quantum effects are not, and
in which the Vainshtein mechanism should screen the extra scalar. In this region, GR should
be a good approximation. See Figure (4).
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r →
Quantum Classical
Non-linear Linear
rQ ∼ 1
Λ3
rV ∼
￿
M
MP
￿1/3
1
Λ3
rQ ∼ 103 km rV ∼ 1016 km
Figure 4: Regimes for massive gravity with cutoff Λ3 = (MPm2)1/3, and some values within the
solar system. The values are much more reasonable than those of the Λ5 theory.
As in the Λ5 theory, quantum corrections are generically expected to ruin the various
classical tunings for the coefficients, but the tunings are still technically natural because the
corrections are parametrically small. For example, cutting off loops by Λ3, we generate the
operator ∼ 1
Λ23
(φˆ)2, which corrects the mass term. The canonically normalized φˆ is related
to the original dimensionless metric by h ∼ 1
Λ33
∂∂φˆ, so the generated term corresponds in
unitary gauge to Λ43h
2 = M2pm
2
(
Λ3
Mp
)
h2, representing a mass correction δm2 ∼ m2
(
Λ3
Mp
)
.
This mass correction is parametrically smaller than the mass itself and so the hierarchy
m  Λ3 is technically natural. This correction also ruins the Fierz-Pauli tuning, but the
pathology associated with the de-tuning of Fierz-Pauli, the ghost mass, is m2g ∼ m
2
δm2/m2
∼ Λ23,
safely at the cutoff.
We should mention another potential issue with the Λ3 theory. It was found in [136] that
lagrangians of the galileon type inevitably have superluminal propagation around spherical
background solutions. No matter what the choice of parameters in the lagrangian, if the
solution is stable, then superluminality is always present at distances far enough from the
source (see also [159]). It has been argued that such superluminality is a sign that the
theory cannot be UV completed by a standard local Lorentz invariant theory [160], though
others have argued that this is not a problem [161]. In addition, the analysis of [136] was
for pure galileons only, and the scalar-tensor couplings of the massive gravity lagrangian can
potentially change the story. These issues have been studied within massive gravity in [162].
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10 Massive gravity from extra dimensions
So far, we have stuck to the effective field theorist’s philosophy. We have explored the
possibility of a massive graviton by simply writing down the most general mass term a
graviton may have, remaining agnostic as to its origin. However, it is important to ask
whether such a mass term has a top down construction or embedding into a wider structure,
one which would determine the coefficients of all the various interactions. This goes back
to the question of whether it is possible to UV complete (or UV extend) the effective field
theory of a massive graviton.
One way in which a massive graviton naturally arises is from higher dimensions. We
will now study several of these higher dimensional scenarios, the Kaluza-Klein reduction,
the DGP brane world model, and a model of a non-dynamical auxiliary extra dimension,
showing in each case how massive gravitons emerge in a 4d description.
10.1 Kaluza-Klein theory
In the original Kaluza-Klein idea [163, 164] (see [165] for a review), gravity on a 5d space with
a single compact direction is dimensionally reduced onto the four non-compact dimensions,
where it is found that the lightest modes describe Einstein gravity, electromagnetism, and a
massless scalar, all in interaction with each other. In almost all work on Kaluza-Klein theory
(including the rather large subset going by the name of string compactifications), only the
lowest energy modes are considered.
Beyond the lowest energy modes, there is an entire tower of massive fields. In the
dimensional reduction of gravity, this tower will consist of massive gravitons. We will now
review the dimensional reduction of pure 5d gravity down to four dimensions. We will
work at the linear level, keeping all the massive modes, and we will see that the massive
gravitons which arise are described by the 4d part of the 5d metric obeying precisely the
Fierz-Pauli mass term (2.1). The Fierz-Pauli tuning of coefficients arises automatically from
the dimensional reduction. In addition, the 5d components of the 5d metric become a tower
of 4d scalars and a tower of 4d vectors.
There is also the question of gauge symmetry. The 5d gravity action has 5d diffeomor-
phism invariance. The result of the reduction, a tower of massive gravitons in 4d, has no
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diffeomorphism symmetry, so where does this symmetry go? We will see that what comes
out of the reduction is not the unitary gauge action (2.1), but rather the Stu¨kelberg-ed action
(5.11). The 5d gauge symmetry becomes the 4d Stu¨kelberg gauge symmetry, and the towers
of vectors and scalars become the Stu¨kelberg fields.
We start with a massless graviton in 5 dimensions, with 5d Planck mass M5,
S = M35
∫
d5X−1
2
∂CHAB∂
CHAB+∂AHBC∂
BHAC−∂AHAB∂BH+1
2
∂AH∂
AH+
1
M35
HABT
AB.
(10.1)
Here HAB is the dimensionless 5d graviton, with indices A,B, . . . running over 5d spacetime.
We divide spacetime into 4d coordinates xµ, and a fifth coordinate y, so that XA = (xµ, y).
We compactify y so that it runs along a circle of circumference L, y ∈ (0, L). TAB is the
fixed external 5d stress tensor, which is conserved in 5d, ∂BT
AB = 0.
Now we change variables by expanding in a Fourier series over the circle,
Hµν(x, y) =
∞∑
n=−∞
hµν,n(x)e
iωny,
Hµy(x, y) =
∞∑
n=−∞
Aµ,n(x)e
iωny,
Hyy(x, y) =
∞∑
n=−∞
φn(x)e
iωny. (10.2)
Here n is an integer, ωn ≡ 2pinL , and we have the usual orthogonality relation
∫ L
0
dy (eiωmy)
∗
eiωny =
Lδmn.
The coefficients in the Fourier expansion, φn, hµν,n, and Aµ,n, are the new variables
and will become the 4d fields. Reality of the 5d fields imposes the conditions
h∗µν,n = hµν,−n, A
∗
µ,n = Aµ,−n, φ
∗
n = φ−n. (10.3)
In addition, we decompose the 5d stress tensor in similar fashion,
Tµν(x, y) =
∞∑
n=−∞
tµν,n(x)e
iωny, (10.4)
Tµy(x, y) =
∞∑
n=−∞
jµ,n(x)e
iωny, (10.5)
Tyy(x, y) =
∞∑
n=−∞
jn(x)e
iωny. (10.6)
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The fields tµν,n, jµ,n and jn, which satisfy reality conditions just like (10.3),
t∗µν,n = tµν,−n, j
∗
µ,n = jµ,−n, j
∗
n = j−n, (10.7)
will become the 4d sources. The equation for 5d stress tensor conservation, ∂BTAB = 0,
when expanded out in components and in the Fourier series, implies
∂µjµ,0 = 0, ∂
νtµν,0 = 0, (10.8)
jµ,n =
i
ωn
∂νtµν,n, jn = − 1
ω2n
∂µ∂νtµν,n, n 6= 0. (10.9)
Plugging the Fourier expansions into (10.1) and doing the y integral, we get the fol-
lowing equivalent 4d action,
S = LM35
∫
d4x
1
2
hµν,0Eµν,αβhαβ,0 − 1
2
F 2µν,0 + h
µν
0 (∂µ∂νφ0 − ηµνφ0)
+
1
M35
hµν,0t
µν
0 +
2
M35
Aµ,0j
µ
0 +
1
M35
φ0j0
+
∞∑
n=1
h∗µν,nEµν,αβhαβ,n − ω2n
(|hµν,n|2 − |hn|2)− |Fµν,n|2
+ [2iωnAµ,n (∂νh
µν∗
n − ∂µh∗n) + hµνn (∂µ∂νφ∗n − ηµνφ∗n) + c.c]
+
∞∑
n=1
[
1
M35
hµν,nt
µν∗
n +
2
M35
Aµ,nj
µ∗
n +
1
M35
φnj
∗
n + c.c.
]
.
(10.10)
We have used the reality conditions (10.3) and (10.7) to change the range of the sum. This
action is exactly equivalent to (10.1), and describes all the 5d dynamics. We have not
truncated anything or restricted the fields in any way, we have merely changed variables to
ones that are more easily recognizable in 4d.
From the prefactor we can read off the effective 4d Planck mass
M24 = LM
3
5 . (10.11)
We now study the fate of the gauge symmetry. The 5d action has the gauge symmetry
δHAB = ∂AΞB+∂BΞA, for a gauge vector ΞA(X). Fourier decomposing the gauge parameter,
Ξµ(x, y) =
∞∑
n=−∞
ξµ,ne
iωy, (10.12)
Ξy(x, y) =
∞∑
n=−∞
ξne
iωy, (10.13)
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where the coefficients have reality properties like those of (10.3). The gauge transformations
can be decomposed component by component to yield
δhµν,n = ∂µξν,n + ∂νξµ,n, (10.14)
δAµ,n = ∂µξn + iωnξµ,n, (10.15)
δφµν,n = 2iωnξn. (10.16)
The zero mode of the 5d gauge parameter ΞA breaks up into a vector and a scalar, which
become the linear diffeomorphism invariance ξµ,0 of the zero mode graviton hµν,0, and the
Maxwell gauge invariance ξ0 of the zero mode vector Aµ,0 (the zero mode scalar φ0 is gauge in-
variant). The n 6= 0 modes, on the other hand, get transformations of exactly the Stu¨kelberg
form (4.22). The 5d gauge symmetry has become the 4d Stu¨kelberg symmetry.
In fact, the action (10.10) can be written solely in terms of the following gauge invariant
combination for n 6= 0,
hµν,n +
i
ωn
(∂µAν,n + ∂νAµ,n)− 1
ω2n
∂µ∂νφn, (10.17)
which is just the linear Stu¨kelberg replacement rule. The action (10.10) for the n 6= 0 modes
is precisely the complex version of our Stu¨kelberg action (5.11) for a massive graviton. The
higher modes of the µ5 and 55 components of the 5d metric HAB have become the non-
physical Stu¨kelberg fields, and are pure gauge.
Fixing the unitary gauge Aµ,n = φn = 0 for n 6= 0, and canonically normalizing, we
have
S =
∫
d4x
1
2
hµν,0Eµν,αβhαβ,0 − 1
2
F 2µν,0 + h
µν
0 (∂µ∂νφ0 − ηµνφ0)
+
1
M4
hµν,0t
µν
0 +
2
M4
Aµ,0j
µ
0 +
1
M4
φ0j0
+
∞∑
n=1
h
′∗
µν,nEµν,αβh′αβ,n − ω2n
(∣∣h′µν,n∣∣2 − |h′n|2)+ [ 1M4h′µν,ntµν∗n + c.c.
]
,
(10.18)
which shows that the theory (after the conformal transformation (4.24) for the zero modes),
consists of a single real massless graviton, a single real massless vector, a single real massless
scalar, and a tower of complex massive Fierz-Pauli gravitons with masses
mn = ωn =
2pin
L
, n = 1, 2, 3, · · · . (10.19)
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These fields are all coupled to the various modes and components of the 5d stress tensor. In
addition, it can be easily shown that the translation symmetry along y in the original theory
becomes an internal U(1) rotating the phase of the massive gravitons. There are interesting
issues that arise when one wishes to couple this U(1) to electromagnetism in the case of a
single massive graviton [166].
To go beyond linear order, we would put the higher order in H interactions coming
from the 5d Einstein-Hilbert term into the 5d action 10.1, make the same change of variables
into Fourier components (10.2), then plug in and do the y integral. This will give a slew
of interaction terms in 4d, involving all the modes interacting with each other. This should
be a consistent, stable, ghost free theory of an infinite number of fully interacting massive
gravitons, since it is equivalent to 5d Einstein gravity which we know to be consistent. There
should be no strong coupling problems or low scale cutoffs, and the effective theory should be
valid all the way up to the 5d Planck mass. All the 4d graviton modes should miraculously
interact in such a way as to cancel out all the strong coupling effects we have uncovered for
a single massive graviton [104]. It is possible to write these interactions for all the fields to
all orders in closed form [167, 168, 169].
It turns out to be consistent to truncate the theory to only the zero modes (consistent
in the sense that the processes of truncating and deriving the equations of motion commute).
This leaves 4d Einstein-Hilbert self-interactions for the zero mode graviton, in addition to
other interactions between the various zero mode fields. The ansatz that describes this
truncation, which was the original Kaluza-Klein ansatz, is to take the 5d metric to be
independent of y. It would be desirable to find a consistent truncation that involves only a
single massive graviton (or a finite number) so that we could study the resulting consistent
interactions. This does not appear to be possible in this simple model, but may be possible
in compactifications involving more complicated manifolds or sets of fields.
10.2 DGP and the resonance graviton
The Dvali-Gabadadze-Porrati (DGP) model [35] is an extra-dimensional model which has
spawned a great deal of interest (see the > 1300 papers citing [35]). It provides another,
more novel realization of a graviton mass. Unlike the Kaluza-Klein scenario, in DGP the
extra dimensions can be infinite in extent, though there must be a brane on which to confine
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standard model matter (see [170] for lectures on large extra dimensions). By integrating out
the extra dimensions, we can write an effective 4d action for this scenario which contains a
momentum dependent mass term for the graviton. This provides an example of a graviton
resonance, i.e. a continuum of massive gravitons.
Another model which has revived a great deal of attention (> 4800 citations) is the
Randall-Sundrum brane world [171], in which there is a brane floating in large warped extra
dimensions. This model is not as interesting from the point of view of massive gravity at
low energies, since the 4d spectrum is similar to ordinary Kaluza-Klein theory, containing
ordinary Einstein gravity as a zero mode, and then massive gravitons as higher Kaluza-Klein
modes. See [172] for a review on brane world gravity.
The DGP action
DGP is the model of a 3 + 1 dimensional brane (the 3-brane) floating in a 4 + 1 dimensional
bulk spacetime. Gravity is dynamical in the bulk and the brane position is dynamical as
well, and the action contains both 4d and 5d parts,
S =
M35
2
∫
d5X
√−GR(G) + M
2
4
2
∫
d4x
√−gR(g) + SM . (10.20)
Here XA, A,B, · · · = 0, 1, 2, 3, 5 are the 5d bulk coordinates, GAB(X) is the 5d metric, and
M5 is the 5d Planck mass. x
µ, µ, ν, . . . = 0, 1, 2, 3 are the 4d brane coordinates, gµν(x) is the
4d metric which is given by inducing the 5d metric GAB onto the brane, and M4 is the 4d
Planck mass. SM is the matter action, which we imagine to be localized to the brane,
SM =
∫
d4x LM(g, ψ), (10.21)
where ψ(x) are the 4d matter fields. Due to the presence of a brane Einstein-Hilbert term,
this scenario is also called brane induced gravity [173].
The dynamical variables are the 5d metric depending on the 5d coordinates, the em-
bedding XA(x) of the brane depending on the 4d coordinates, and the 4d matter fields
depending on the 4d coordinates,
GAB(X), X
A(x), ψ(x). (10.22)
The 4d metric is not independent, but is fixed to be the pullback of the 5d metric,
gµν(x) = ∂µX
A∂νX
BGAB (X(x)) . (10.23)
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Note that the dependence of the action on the XA enters only through the induced metric
gµν .
The action (10.20) has a lot of gauge symmetry. First, there are the reparametrizations
of the brane given by infinitesimal vector fields ξµ(x), under which the XA transform as
scalars and the matter fields transform as tensors (i.e. with a Lie derivative),
δξX
A = ξµ∂µX
A, δξψ = Lξψ. (10.24)
Second, there are reparametrizations of the bulk given by infinitesimal vector fields ΞA(X),
under which GAB transforms as a tensor and the X
A shift,
δΞGAB = ∇AΞB +∇BΞA, δΞXA = −ΞA(X). (10.25)
The induced metric gµν transforms as a tensor under δξ, and is invariant under δΞ
22.
We first proceed to fix some of this gauge symmetry. In particular, we will freeze
the position of the brane. Note that the brane coordinate functions, XA(x), are essentially
Goldstone bosons since they shift under the bulk gauge symmetry, XA(x) → XA(x) −
ΞA (X(x)). We can thus reach a sort of unitary gauge where the XA are fixed to some
specified values. We will set values so that the brane is the surface X5 = 0, and the brane
coordinates xµ coincide with the coordinates Xµ, thus we set
Xµ(x) = xµ, µ = 0, 1, 2, 3, (10.28)
X5(x) = 0. (10.29)
There are still residual gauge symmetries which leave this gauge choice invariant. Act-
ing with the two gauge transformations δξ and δΞ on the gauge conditions and demanding
22To see invariance under δΞ, transform
δΞGAB = δΞ
(
∂µX
A∂νX
BGAB (X(x))
)
= −∂µΞA∂νXBGAB (X(x))− ∂µXA∂νΞBGAB (X(x)) + ∂µXA∂νXBδΞGAB (X(x)) ,(10.26)
then in transforming GAB , remember that both the function and the argument are changing,
δΞGAB (X(x)) = LΞGAB (X(x))− ΞC∂CGAB . (10.27)
Putting all this together, we find δΞGAB = 0.
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that the change be zero, we find
δΞX
5(x) + δξX
5(x) = −Ξ5 (X(x)) + ξµ∂µX5 →
X5(x)=0
−Ξ5 (X(x))
⇒ Ξ5 (X(x)) = 0. (10.30)
δΞX
µ(x) + δξX
µ(x) = −Ξµ (X(x)) + ξν∂νXµ(x) →
Xµ(x)=xµ
−Ξµ (X(x)) + ξµ(x)
⇒ Ξµ (X(x)) = ξµ(x). (10.31)
The residual gauge transformations are bulk gauge transformations that do not move points
onto or off of the brane, but only move brane points to other brane points. Furthermore,
the brane diffeomorphism invariance is no longer an independent invariance but is fixed to
be the diffeomorphisms induced from the bulk.
We now fix this gauge in the action (10.29), which is permissible since no equations of
motion are lost. This means that the induced metric is now
gµν(x) = Gµν(x,X
5 = 0). (10.32)
We split the action into two regions, region L to the left of the brane, and region R to
the right of the brane, with outward pointing normals, as in Figure 5. We call the fifth
coordinate X5 ≡ y. The brane is at y = 0.
L R
nµR
nµL
y
Figure 5: Splitting the DGP action
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S =
M35
2
(∫
L
+
∫
R
)
d4xdy
√−GR(G) +
∫
d4x L4, (10.33)
where L4 ≡ M
2
4
2
√−gR(g) + LM(g, ψ) is the 4d part of the lagrangian. To have a well
defined variational principle, we must have Gibbons-Hawking terms on both sides [100],
corresponding to the outward pointing normals. Adding these, the resulting action is
S =
M35
2
[(∫
L
+
∫
R
)
d4xdy
√−GR(G) + 2
∮
L
d4x
√−gKL + 2
∮
R
d4x
√−gKR
]
+
∫
d4x L4 , (10.34)
where KR, KL are the extrinsic curvatures relative to the normals nR and nL respectively.
We now go to spacelike ADM variables [97, 98] adapted to the brane (see [99, 100]
for detailed derivations and formulae). The lapse and shift relative to y are Nµ(x, y) and
N(x, y), and the 4d metric is gµν(x, y). The 5d metric is
GAB =
(
N2 +NµNµ Nµ
Nµ gµν
)
. (10.35)
The 4d extrinsic curvature is taken with respect to the positive pointing normal nL, and is
given by
Kµν =
1
2N
(
g′µν −∇µNν −∇νNµ
)
, (10.36)
where a prime means derivative with respect to y. The action is now23
S =
M35
2
(∫
L
+
∫
R
)
d4xdy N
√−g [R(g) +K2 −KµνKµν]
+
∫
d4x L4. (10.39)
It can be checked that a flat brane living in flat space is a solution to the equations
of motion of this action. This is called the normal branch. There is another maximally
23The Ricci scalar and metric determinant are
(5)R = (4)R+
(
K2 −KµνKµν
)
+ 2∇A
(
nB∇BnA − nAK
)
, (10.37)
√−G = N√−g. (10.38)
The total derivatives coming from 2∇A
(
nB∇BnA − nAK
)
in the Einstein-Hilbert part of the action exactly
cancel the Gibbons-Hawking terms.
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symmetric solution with a flat 5d bulk, which contains a de Sitter brane with a 4d Hubble
scale H ∼M35/M24 . This is called the self-accelerating branch, and has caused much interest
because the solution exists even though the brane and bulk cosmological constants vanish.
Linear expansion
To see the particle content of DGP, we will expand the action (10.39) to linear order around
the flat space solution, and then integrate out the bulk to obtain an effective 4d action. We
start by expanding the 5d graviton about flat space
GAB = ηAB +HAB. (10.40)
We use the lapse, shift and 4d metric variables, with their expansions around flat space,
gµν = ηµν + hµν , Nµ = nµ, N = 1 + n. (10.41)
We have the relations, to linear order in hµν , nµ, n,
Hµν = hµν , Hµ5 = nµ, H55 = 2n. (10.42)
We will first expand the DGP action (10.39) to quadratic order in hµν , nµ, n. We will then
solve the 5d equations of motion, subject to arbitrary boundary values on the brane and
going to zero at infinity. We then plug this solution back into the action to obtain an
effective 4d theory for the arbitrary brane boundary values.
The 5d equations of motion away from the brane are simply the vacuum Einstein
equations, which read, to linear order,
− 2RAB(G)linear = (5)HAB + ∂A∂BH − ∂C∂AHBC − ∂C∂BHAC = 0. (10.43)
We will solve (10.43) in the de Donder gauge,
∂BHAB − 1
2
∂AH = 0. (10.44)
With this, (10.43) is equivalent to
(5)HAB = 0, (10.45)
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along with the de Donder gauge condition (10.44). In terms of the ADM variables, (10.45)
becomes
hµν + ∂2yhµν = 0, (10.46)
nµ + ∂2ynµ = 0, (10.47)
n+ ∂2yn = 0, (10.48)
where  is the 4d laplacian. These have the following solutions in terms of boundary values
hµν(x), nµ(x), n(x),
hµν(x, y) = e
−y∆hµν(x), (10.49)
nµ(x, y) = e
−y∆nµ(x), (10.50)
n(x, y) = e−y∆n(x). (10.51)
Here, the operator ∆ is the formal square root of the 4d laplacian,
∆ ≡ √−. (10.52)
The A = µ and A = 5 components of the gauge condition (10.44) are, respectively,
∂νhµν − 1
2
∂µh+ ∂ynµ − ∂µn = 0, (10.53)
∂µnµ − 1
2
∂yh+ ∂yn = 0. (10.54)
For these to be satisfied everywhere, it is necessary and sufficient that the boundary fields
satisfy the following at y = 0,
∂νhµν − 1
2
∂µh−∆nµ − ∂µn = 0,
∂µnµ +
1
2
∆h−∆n = 0. (10.55)
These should be thought of as constraints determining some of the boundary variables in
terms of the others24. We will at this point imagine that we have solved these constraints,
and that the action is really a function of the independent variables.
24Note that we cannot think of them as determining nµ, n in terms of hµν . Acting with ∂µ on the first
equation, ∆ on the second, and then adding, we find the equation
∂µ∂νh
µν −h = 0, (10.56)
which is precisely the statement that the 4d linearized curvature vanishes (which is, in turn, the linearized
hamiltonian constraint in general relativity). Thus, we must think of these constraints as determining some
of the components of the metric.
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The deDonder gauge is preserved by any 5d gauge transformation ΞA satisfying
(5)ΞA = 0. (10.57)
The component Ξ5 must vanish at y = 0 because the position of the brane is fixed. (10.57)
then implies that Ξ5 vanishes everywhere. The other components can have arbitrary values
Ξµ(x, 0) = ξµ(x) on the brane, which are then extended into bulk in order to satisfy (10.57),
Ξµ(x, y) = e−y∆ξ(x). (10.58)
The residual gauge transformations acting on the boundary fields are then
δhµν = ∂µξν + ∂νξν ,
δnµ = −∆ξµ,
δn = 0. (10.59)
The constraints (10.55) are invariant under these gauge transformations. The 4d effective
action must and will be invariant under (10.59).
The 5d part of the action reads
S5 =
M35
2
∫
d4xdy N
√−g [R(g) +K2 −KµνKµν] . (10.60)
We want to expand this to quadratic order in hµν , nµ, n and then plug in our solution. We
will need the expansion of Kµν to first order,
Kµν =
1
2
(∂yhµν − ∂µnν − ∂νnµ) . (10.61)
Expanding, we have (after much integration by parts in 4d)
2
M35
S5 =
∫
d4xdy n∂µ∂νh
µν − nh+ 1
2
∂λhµν∂
νhµλ − 1
2
∂µh∂νh
µν
−∂yh∂µnµ + 1
2
(∂µn
µ)2 + ∂yhµν∂
µnν +
1
2
nµnµ
1
4
hµνhµν − 1
4
∂yhµν∂yh
µν − 1
4
hh+ 1
4
(∂yh)
2.
Now, in the last line, integrate by parts in y, picking up a boundary term at y = 0, and use
(10.45) to kill the bulk part,
2
M35
S5 =
∫
d4xdy n∂µ∂νh
µν − nh+ 1
2
∂λhµν∂
νhµλ − 1
2
∂µh∂νh
µν
−∂yh∂µnµ + 1
2
(∂µn
µ)2 + ∂yhµν∂
µnν +
1
2
nµnµ
+
∫
d4x −1
4
h∂h+
1
4
hµν∂yh
µν .
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We now insert the following term into the action
SGF = −M
3
5
4
∫
d5X
(
∂BHAB − 1
2
∂AH
)2
. (10.62)
The 5d equations of motion solve the de Donder gauge condition, so this term contributes
0 to the action (thought of as a function of the unconstrained variables) and we are free to
add it. However, we write it in terms of the unconstrained 4d variables for now,
2
M35
SGF =
∫
d4xdy −1
2
(
∂νhµν − 1
2
∂µh+ ∂ynµ − ∂µn
)2
(10.63)
−1
2
(
∂µn
µ − 1
2
∂yh+ ∂yn
)2
. (10.64)
Adding this to the previous 5d term, we find that after using the 5d Laplace equations, the
entire action can be reduced to a boundary term at y = 0,
2
M35
(S5 + SGF ) =
∫
d4x −1
4
hµν∆h
µν +
1
8
h∆h− 1
2
n∆n− 1
2
nµ∆n
µ
+
1
2
h∆n+ nµ
(
−∂µn− 1
2
∂µh+ ∂
νhµν
)
. (10.65)
Now a crucial point. We have been imagining solving the constraints (10.55) for the
independent variables. But now, consider the action (10.65) as a function of the original
variables hµν , n
µ, n. Varying with respect to nµ and n, we recover precisely the constraints
(10.55). Thus, we can re-introduce the solved variables as auxiliary fields, since the con-
straints are then implied. The action now becomes a function of hµν , n
µ, n.
Now add in the 4d part of the action,
S =
M24
2
∫
d4x
√−gR(g) + SM + 2 (S5 + SGF) . (10.66)
where SM is the 4d matter action and the factor of 2 in front of the 5d parts results from
taking into account both sides of the bulk (through boundary conditions at infinity we have
thus implicitly imposed a Z2 symmetry).
Expanded to quadratic order,
S =
∫
d4x
M24
4
1
2
hµνEµν,αβhαβ + M
2
4m
4
[
− 1
2
hµν∆h
µν +
1
4
h∆h− n∆n− nµ∆nµ
+h∆n+ nµ (−2∂µn− ∂µh+ 2∂νhµν)
]
+
1
2
hµνT
µν , (10.67)
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where Eµν,αβ is the massless graviton kinetic operator (2.46), and
m ≡ 2M
3
5
M24
(10.68)
is known as the DGP scale.
The action (10.67) should now be compared to the massive gravity action in the form
(4.44). It is invariant under the gauge transformations (10.59), under which nµ plays the
role of the vector Stu¨kelberg field. n plays the role of the gauge invariant auxiliary field. To
get this into Fierz-Pauli form, first eliminate n as an auxiliary field by using its equation of
motion. Then use (10.59) to fix the gauge nµ = 0. The resulting action is
S =
∫
d4x
M24
4
[
1
2
hµνEµν,αβhαβ − 1
2
m (hµν∆h
µν − h∆h)
]
+
1
2
hµνT
µν , (10.69)
which is of the Fierz-Pauli form, with an operator dependent mass term m∆.
One can go on to study interactions terms for DGP, and the longitudinal mode turns
out to be governed by interactions which include the cubic galileon term ∼ (∂φ)2φ [148,
149, 174], and are suppressed by the scale Λ3 = (M4m
2)1/3 (in fact this was where the
galileons were first uncovered). In this sense, DGP is analogous to the nicer Λ3 theories of
Section (9). The theory is free of ghosts and instabilities around solutions connected to flat
space [149], but changing the asymptotics to the self-accelerating de Sitter brane solutions
flips the sign of the kinetic term of the longitudinal mode, so there is a massless ghost around
the self-accelerating branch [175]. This branch is completely unstable, which is bad news
for doing cosmology on this branch. In addition to ghosts, there are other issues with other
non-trivial branches, such as superluminal fluctuations [176], and uncontrolled singularities
and tunneling [177].
Resonance gravitons
The operator dependent mass term in (10.69) is known as a resonance mass, or soft mass
[178, 179, 180, 181, 182, 183, 184, 134, 52, 55]. To see the particle content of this theory,
we will decompose the propagator into a sum of massive gravity propagators. The linear
Stu¨kelberg analysis, leading to the propagators (4.37), goes though identically, with the
replacement m2 → m∆. The momentum part of the propagators now reads
−i
p2 +m
√
p2
, (10.70)
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Setting z = −p2, the propagator has a branch cut in the z plane from (0,∞), with disconti-
nuity
− 2m√
z(z +m2)
. (10.71)
A branch cut can be thought of as a string of simple poles, in the limit where the spacing
between the poles and their residues both go to zero. The function f(z) =
∫∞
−∞ dλρ(λ)
1
z−λ
has a cut along the real axis everywhere that ρ is non-zero, with discontinuity −2ipiρ(z). We
can see this by noting
disc f(z) =
∫ ∞
−∞
dλρ(λ)
1
z − λ+ i −
1
z − λ− i =
∫ ∞
−∞
dλρ(λ) [−2piiδ(z − λ)] .
Using all this, and the fact that analytic functions are determined by their poles and
cuts, we can write the propagator in the spectral form
−i
p2 +m
√
p2
=
∫ ∞
0
ds
−i
p2 + s
ρ(s), ρ(s) =
m
pi
√
s(s+m2)
> 0. (10.72)
The spectral function is greater than zero, so this theory contains a continuum of ordinary
(non-ghost, non-tachyon) gravitons, with masses ranging from 0 to ∞. This is what would
be expected from dimensionally reducing a non-compact fifth dimension. The Kaluza-Klein
tower has collapsed down into a Kaluza-Klein continuum.
In the limit m → 0, where the action becomes purely four dimensional, the spectral
function reduces to a delta function,
ρ(s)→ 2δ(s), (10.73)
and the propagator reduces to −i/p2 representing a single massless graviton, vector and
scalar, as can be seen from (4.37) (the extra factor of two is taken care of by noting that
the integral is from 0 to ∞, so only half of the delta function actually gets counted). This
theory therefore contains a vDVZ discontinuity.
The potential of a point source of mass M sourced by this resonance graviton displays
an interesting crossover behavior. Looking back at (3.11) with the momentum space replace-
ment m2 → m√p2, and using the relation φ = −h00/M4 for the newtonian potential, we
have
φ(r) =
−2M
3M24
∫
d3p
(2pi)3
eip·x
−1
p2 +m|p| (10.74)
=
2
3
M
M24 2pi
2r
[
sin
(
r
r0
)
ci
(
r
r0
)
+
1
2
cos
(
r
r0
)(
pi − 2 si
(
r
r0
))]
,
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where
si(x) ≡
∫ x
0
dt
t
sin t, ci(x) ≡ γ + lnx+
∫ x
0
dt
t
(cos t− 1) , (10.75)
γ ≈ 0.577 . . . is the Euler-Masceroni constant, and the length scale r0 is
r0 ≡ 1
m
=
M24
2M35
. (10.76)
The potential interpolates between 4d ∼ 1/r and 5d ∼ 1/r2 behavior at the scale r0,
V (r) =

2
3
M
M24 4pir
+ M
3pi2M24
1
r0
[
γ − 1 + ln
(
r
r0
)]
+O(r), r  r0,
2
3
M
M35 4pi
2r2
+O ( 1
r3
)
, r  r0.
(10.77)
Physically, we can think of gravity as being confined to the brane out to a distance ∼ r0,
at which point it starts to weaken and leak off the brane, becoming five dimensional. This
is the behavior that is morally responsible for the self-accelerated solutions seen in DGP
[21]. It has been suggested that corrections to the newtonian potential for r  r0 may be
observable in lunar laser ranging experiments [185, 186].
The resonance massive graviton can also be generalized away from DGP, by replacing
the mass term with an arbitrary function of the laplacian [181, 183, 52],
m2 → m2(). (10.78)
(See [187] for even further generalizations.) At large distances, where we want modifications
to occur, the mass term will have a leading Taylor expansion,
m2() = L2(α−1)α, (10.79)
with L a length scale and α a constant. In order to modify newtonian dynamics at large
scales, ∂  1
L
, the mass term should dominate over the two derivative kinetic terms, so we
should have α < 1. Additionally, there is the constraint that the spectral function (10.72)
should be positive definite, so that there are no ghosts. This puts a lower bound α ≥ 0
[183]. An analysis like that of Section 4.3 can be repeated with the more general mass term
(10.79), and it turns out that degravitation can be made to work only for α < 1/2 [52].
DGP corresponds to α = 1/2, and so it just barely fails to degravitate, but by extending
the DGP idea to higher co-dimension [188, 189] or to multi-brane cascading DGP models
[190, 191, 192], α < 1/2 can be achieved and degravitation made to work [193]. Some N-body
simulations of de-gravitation and DGP have been done in [194, 195, 196].
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10.3 Massive gravity from an auxiliary extra dimension
There is a way of writing a mass term by using an integral over a non-dynamical auxiliary
extra dimension [197, 198], and which provides a re-summation of some particular massive
gravity theories.
To see what this entails, consider the following perverse way of writing the mass term for
an ordinary scalar field, φ(x). We let the scalar depend on an additional auxiliary parameter
u, which takes values in the interval u ∈ (0, 1). We then write the following action for the
field φ(x, u),
S =
∫
d4x
[
− 1
2
(∂φ)2
∣∣∣∣
u=0
− 1
2
m2
∫ 1
0
du(∂uφ)
2
]
. (10.80)
The first term is a normal kinetic term, with derivatives over the xµ only, and the field there
is φ(x) ≡ φ(x, u = 0). The second term contains a u derivative only, and an integral over
all the u values. This can be thought of as an action for the infinite number of fields φ(x, u)
parametrized by u, where only the u = 0 field has a kinetic term.
We can get a 4d effective action for this theory by integrating out the u dimension, to
obtain an equivalent theory for only φ(x). To do this, we solve the equations of motion for
all the φ(x, u) with u 6= 0 in terms of φ(x), and then plug back into the action, i.e. we can
think of all the φ(x, u) with u 6= 0 as auxiliary fields and eliminate them via their equations
of motion. To get a unique solution, we must set boundary conditions at u = 1, which we
will choose to be a Dirichlet condition φ(x, 1) = 0.
The equations of motion for u 6= 0 and the boundary conditions are then,
∂2uφ = 0, φ(x, 0) = φ(x), φ(x, 1) = 0, (10.81)
with the solution
φ(x, u) = (1− u)φ(x). (10.82)
Plugging back into the action, we find
S = d4x
(
− 1
2
(∂φ)2 − 1
2
m2φ2
)∣∣∣∣
u=o
. (10.83)
The integral over u has become an ordinary mass term for the scalar.
We now apply a similar construction to the Einstein-Hilbert action, writing
S = d4x
MP
2
[(√−gR)∣∣
u=0
−m2
∫ 1
0
du
√−g (k2µν − k2)] . (10.84)
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Here the metric is gµν(x, u), it depends on the auxiliary parameter u. kµν ≡ 12∂ugµν is the
extrinsic curvature into the auxiliary dimensions, and indices in the mass term are raised and
lowered with gµν(x, u) and its inverse. We choose boundary conditions so that the metric
becomes flat at the end of the auxiliary dimension,
gµν(x, 0) = gµν(x), gµν(x, 1) = ηµν . (10.85)
The lagrangian (10.84) is invariant under 4d diffeomorphisms, but they are broken by the
boundary conditions imposed at u = 1. This will be reflected in the effective 4d metric ob-
tained from integrating out the extra dimension. The boundary condition metric essentially
plays the role of the fixed metric used for the purely 4d constructions.
We can now perturbatively solve the equations of motion in the auxiliary dimension
and expand out the mass term. We write the metric at u = 0 as gµν = ηµν + hµν and work
in powers of hµν . The full u-dependent metric will have an expansion
gµν(x, u) = ηµν +H
(1)
µν (x, u) +H
(2)
µν (x, u) + · · · , (10.86)
where H
(1)
µν (x, u), H
(2)
µν (x, u), . . . are the terms containing respective powers of hµν . The full
equations of motion for u 6= 0 derived from (10.84) are
∂u
[√−g (kµν − kgµν)] = 1
2
√−ggµν (k2αβ − k2)+ 2√−g (kkµν − k µα kνα) . (10.87)
By plugging (10.86) into (10.87), we can collect like powers and solve order by order. To
lowest order we have simply ∂u
(
H
(1)
µν − ηµνH(1)
)
= 0 with solution
H(1)µν (x, u) = (1− u)hµν(x). (10.88)
Plugging back into (10.84) we find exactly the Fierz-Pauli mass term at quadratic order,
S = d4x
MP
2
[√−gR− m2
4
(
h2µν − h2 +O(h3)
)]
. (10.89)
The order h3 terms were calculated in [143], and it is found that their coefficients are in
the right combination for raising the cutoff to Λ3, corresponding to c3 = 1/4, and it seemed
likely that this theory was a way of re-summing one of the Λ3 theories.
Recently, an exact solution for the equation (10.87) has been found, for an arbitrary
boundary metric fµν(x) at u = 1 [199]. This solution allows us to find the 4d lagrangian
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exactly,
S =
∫
d4x
MP
2
[√−gR
+3m2
√−g
(
[detL]−1/2 − 2 [detL]−1/4 cosh
(
1
2
√
3
√
Tr [(lnL)2]− 1
4
(Tr lnL)2
)
+ 1
)]
.
(10.90)
Here L is the matrix Lµν = f
µλgλν , where f
µν is the inverse of the boundary condition metric
at u = 1. This lagrangian shows explicitly how the boundary condition metric becomes the
fixed metric needed for the graviton mass term. Taking fµν = ηµν , then expanding to
third order in hµν = gµν − ηµν reproduces the results of [143], but unfortunately the tuning
necessary for the Λ3 theory is violated at fourth order. Thus this theory has a ghost, and a
cutoff of Λ5.
It turns out, however, that a different choice for the boundary metric fµν can be made
to restore the Λ3 tuning order by order, though it requires fµν to depend on the metric
at u = 0 if flat space is to be a solution in 4d [200]. They also present an argument to
explain why with ηµν boundary conditions the third order tuning comes out right while the
fourth order and higher do not. Note that the combination k2µν − k2 of extrinsic curvatures
appearing in (10.84) is the same combination that appears in the Gauss-Codazzi expansion of
the five dimensional curvature in terms of four dimensional quantities (10.37), which suggests
that there may be some kind of hidden five dimensional symmetry at work in this model,
one which enforces the tuning of coefficients in the Fierz-Pauli terms. It is also possible
to achieve the correct tuning by adding higher powers of kµν into the action (10.84) with
the right coefficients [198, 200]. Some non-flat cosmological solutions of the auxiliary extra
dimension model are studied in [197]. Extensions to higher co-dimension radially symmetric
models, and to models including additional bulk Gauss-Bonnet terms, are considered in [200].
11 Massive gravity in three dimensions
We have focused in this review on massive gravity in four dimensions. Extending to higher
dimensions is a straightforward exercise that does not reveal much which is conceptually new
beyond what exists in four dimensions (with some exceptions [201]). On the other hand,
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dropping down to three dimensions opens up new possibilities. These possibilities are due to
peculiarities of three dimensions, and they would take another review to fully cover (see [202]
for a short review). Here we will briefly mention the two main classes of fully interacting,
covariant massive theories that have been studied in dimension three.
11.1 New massive gravity
The first is new massive gravity (NMG), proposed by Bergshoeff, Hohm, and Townsend
[203]. NMG relies on adding terms which carry four derivatives of the metric, such as R2,
RµνR
µν , to the action in addition to the Einstein-Hilbert term. Since these terms are higher
derivative, degrees of freedom in addition to the graviton will generally propagate. In four
dimensions, adding such terms with generic coefficients will lead to the propagation around
flat space of a massive spin 0 scalar and a massive spin 2 ghost, in addition to the massless
graviton [204]. Judicious choices of coefficients exist which will project out the massive spin
2 ghost or the scalar, but no choice will eliminate the massless graviton. There is no way to
get an action that contains a healthy massive spin 2 and a healthy massless graviton. If the
sign of the action is flipped, the massive spin 2 can be made healthy, but then the massless
graviton will be a ghost.
In three dimensions, however, there is a loophole, because 3d Einstein gravity contains
no propagating degrees of freedom (in three dimensions, the canonical analysis of Section
2.1 shows that there are 3 first class constraints on the 3 spatial components of the metric
and their canonical momenta, leaving no degrees of freedom). Thus, we can add curvature
squared terms in a combination such that there is a massive spin 2 and no scalar, and then
change the overall sign of the action so that the massive spin is healthy,
S =
MP
2
∫
d3x
√−g
[
−R + 1
m2
(
RµνR
µν − 3
8
R2
)]
. (11.1)
MP is the 3d Planck mass and m is the mass of the graviton. The specific factor of 3/8 in
the higher derivative terms kills the spin 0 mode. Note the wrong sign Einstein-Hilbert term
– the massless spin 2 would be a ghost, but it does not matter because in three dimensions
it carries no degrees of freedom anyway. The result is a theory which propagates only a
massive spin 2 around flat space, carrying two degrees of freedom25. In contrast to the other
25Recall that in three dimensions, spin for massive particles is like helicity for massless particles in four
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massive gravity theories studied in this review, NMG requires no fixed metric in the action,
so like Einstein gravity, the theory is free of prior geometry.
This theory has been recently analyzed with the Stu¨kelberg method [205]. Like the
Λ3 theory in four dimensions, NMG theory carries a scale higher than that which would be
generically expected (though in this case, it has been claimed that the theory is renormaliz-
able [206]). The de-coupling limit is ghost free, and the longitudinal mode interacts through
a cubic galileon interaction. In addition, the theory possesses no Boulware-Deser ghost to
any order beyond the decoupling limit, and so it represents a completely consistent ghost
free theory of a fully interacting massive graviton in three dimensions, one which is free of
prior geometry.
11.2 Topologically massive gravity
The second type of massive gravity in three dimensions is topologically massive gravity
(TMG) [207]. The action is
S =
MP
2
∫
d3x
√−g
[
−R− 1
2µ
λµνΓαλβ
(
∂µΓ
β
αν +
2
3
ΓβµγΓ
γ
να
)]
. (11.2)
Here λµν is the 3d epsilon tensor, equal to − 1√−g ˜λµν where ˜λµν is the alternating symbol
with ˜012 = +1. µ is a mass parameter, and the term proportional to 1
µ
is a Chern-Simons
form, or secondary characteristic class. It is not a covariant tensor, but it changes into a
total derivative under a diffeomorphism, so the action is indeed diffeomorphism invariant.
The equations of motion are
Rµν − 1
2
Rgµν +
1
µ
Cµν = 0, (11.3)
where Cµν = 
αβ
µ ∇α
(
Rβν − 14gβνR
)
is the Cotton tensor. The Cotton tensor is symmetric,
traceless, and covariantly conserved, and it vanishes if and only if the metric is conformally
flat.
dimensions, because the little group is so(2) in both cases. Thus a parity conserving theory of a massive
spin s particle in three dimensions has two states, of so(2) charge ±s, which are related by parity. A parity
violating theory, on the other hand, will carry only one degree of freedom for some particle, the right or left
handed state. This will be the case for topologically massive gravity in Section 11.2.
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Linearizing the equations of motion (11.3) around flat space, and plugging in a hTTµν
which is transverse and traceless gives(
δαµδ
β
ν +
1
µ
 λαµ ∂λδ
β
ν
)
hTTαβ = 0. (11.4)
Acting on this with δαµδ
β
ν − 1µ λαµ ∂λδβν , we find(
− µ2)hTTµν = 0, (11.5)
suggesting that the linear curvature RLµν ∼ hTTµν propagates a particle with mass µ. The
Chern-Simons term violates parity, and a more detailed analysis [207] shows that this model
in fact propagates a single massive spin 2 degree of freedom, where the spin is left or right
handed according to the sign of µ. This is in contrast to the parity conserving Fierz-Pauli
mass term, which in three dimensions would propagate both a left and a right handed spin
2. Finally, note the wrong sign Einstein-Hilbert term in (11.2), which is necessary so that
the spin 2 particle is not a ghost.
Adding a cosmological constant and putting this theory on AdS3 yields an interesting
system with links to AdS/CFT. The AdS3 isometry group is SO(2, 2) which locally decom-
poses to SL(2, R) × SL(2, R), the group of left-moving and right-moving symmetries in a
dual boundary 2d conformal field theory. This theory has ghosts or negative-energy modes
for generic values of the parameters, but for a special choice, it was argued that half of the
theory completely decouples, stability is restored, and the theory becomes chiral under only
one of the SL(2, R) factors [208, 209]. For more on the subtleties, see [210, 211, 212, 213, 214].
12 Conclusions and future directions
Massive gravity remains an active research area, one which may provide a viable solution to
the cosmological constant naturalness problem. As we have seen, many interesting effects
arise from the naive addition of a hard mass term to Einstein gravity. There is a well defined
effective field theory with a protected hierarchy between the cutoff and the graviton mass,
and a screening mechanism which non-linearly hides the new degrees of freedom and restores
continuity with GR in the massless limit.
A massive graviton can screen a large cosmological constant, and a stable theory of
massive gravity with a small protected mass offers a solution to the problem of quantum
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corrections to the cosmological constant. It is a remarkable fact that the Λ3 theories of
Section 9 exist and are ghost free, and that they are found simply by tuning some coefficients
in the generic graviton potential.
There are many interesting outstanding issues. One is the nature of the Λ3 theory. Is
there a symmetry or a topological construction that explains the tunings of the coefficients
necessary to achieve the Λ3 cutoff? Is there some construction free of prior geometry that
would contain this theory? Is there an extra dimensional construction?
There are also many questions related to the quantum properties of these theories.
Apart from the order of magnitude estimates presented in this review and a few sporadic
calculations, the detailed quantum properties of this theory and others remain relatively
unexplored. The same goes for non-perturbative quantum properties, such as how a massive
graviton would modify black hole thermodynamics, Hawking radiation or holography [215,
216, 217, 218, 219, 220, 221].
The cutoff Λ3 is still rather low, however, so at best this theory in its current perturba-
tive expansion can only provide a partial solution to the cosmological constant naturalness
problem. Finding more natural constructions of these theories would go a long way towards
solving the major issue, which is that of UV completion – is it possible to find a standard UV
completion for a massive graviton, analogous to what the Higgs mechanism provides for a
massive vector? Or is there some incontrovertible obstruction that forces any UV completion
to violate Lorentz invariance, locality, or some other cherished property? If so, there may
be a non-standard UV completion, or it could be that massive gravity really is inconsistent,
in the sense that there really is no way whatsoever to UV complete it. There has been work
on holography of massive gravitons in AdS/CFT [217, 218, 219, 220], which would provide
a UV completion for theories in AdS space containing massive gravity.
Even a partial UV completion, one that raises the cutoff to MP , would be extremely
important, as this is all that is required to offer a solution to the cosmological constant
naturalness problem. One possibility is that the scale Λ3, while indicating a breakdown in
perturbation theory, does not signal the activation of any new degrees of freedom, so that
the theory is already self complete up to MP . Since there are multiple parameters in the
theory, it is likely that there is some other expansion, such as a small m expansion, which
reorganizes the perturbation theory into one which yields perturbative access to scales above
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Λ3. If this is true, it is important that (as is the case) the Λ3 theory is ghost free beyond the
decoupling limit.
It should also be noted that massive gravitons already exist in nature, in the form of
tensor mesons which carry spin 2. There is a nonet of them, which at low energies can be
described in chiral perturbation theory as a multiplet of massive gravitons [222]. Here we
know that these states find a UV completion in QCD, where they are simply excited states
of bound quarks.
We have focused in this review on theories with a vacuum that preserves Lorentz
invariance, but there is a whole new world that opens up when ones allows for Lorentz
violation. There exist theories that explicitly break Lorentz invariance, and theories such
as the ghost condensate [223] which have Lorentz invariance spontaneously broken [224]
by some non-Lorentz invariant background. In the former case, a systematic study of the
possible mass terms and their degrees of freedom, generalizing the Fierz-Pauli analysis to
the case where the mass term preserves only rotation invariance, is performed in [225]. For
examples of the latter case, see [226, 227]. See also [228, 229], and [230, 231, 232] for reviews.
There is still much to be learned about massive gravitons on curved spaces and cosmolo-
gies (see [215, 233, 234, 235, 236] in addition to the references of Section 5). For instance,
there are generalizations of the ghost-free higher cutoff Λ3 theory, both for arbitrary curved
backgrounds [237], and for bi-gravity [238]. Is there a consistent fully interacting theory of
the partially massless theories on de Sitter space? Are there consistent theories with cosmo-
logical backgrounds, and in particular can they non-linearly realize the screening of a large
bare cosmological constant while maintaining consistency with solar system constraints?
Finally, a topic worthy of a separate review is the observable signatures that would
be characteristic of a massive graviton. What would be the signatures of a cosmological
constant screened by a graviton mass? For some examples of various proposed signatures,
see [239, 240, 241, 242, 243, 244]. One surprising feature is the absence of any non-trivial
spatially flat FRW solutions [245] (see also [246]). This means that the universe on scales
larger than ∼ 1/m must be inhomogenous or anisotropic, with homogeneity and isotropy
restored on smaller scales by the Vainshtein mechanism.
We will end this review by quoting the tantalizing current experimental limits on the
mass of the graviton (under some hypotheses, of course) m . 7× 10−32 eV [247, 248], about
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an order of magnitude above the Hubble scale, the value needed to theoretically explain the
cosmological constant naturalness problem.
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A Total derivative combinations
Define the matrix of second derivatives
Πµν = ∂µ∂νφ. (A.1)
At every order in φ, there is a unique (up to overall constant) contraction of Π’s that reduces
to a total derivative26,
LTD1 (Π) = [Π], (A.2)
LTD2 (Π) = [Π]2 − [Π2], (A.3)
LTD3 (Π) = [Π]3 − 3[Π][Π2] + 2[Π3], (A.4)
LTD4 (Π) = [Π]4 − 6[Π2][Π]2 + 8[Π3][Π] + 3[Π2]2 − 6[Π4], (A.5)
...
where the brackets are traces. LTD2 (h) is just the Fierz-Pauli term, and the others can be
thought of as higher order generalizations of it. They are characteristic polynomials, terms
in the expansion of the determinant in powers of H,
det(1 + Π) = 1 + LTD1 (Π) +
1
2
LTD2 (Π) +
1
3!
LTD3 (Π) +
1
4!
LTD4 (Π) + · · · (A.6)
The term LTDn (Π) vanishes identically when n > D, with D the spacetime dimension, so
there are only D non-trivial such combinations, those with n = 1, · · · , D.
26The proof of this fact is the same as the proof showing the uniqueness of the galileons in [136]. See also
[101].
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They can be written explicitly as
LTDn (Π) =
∑
p
(−1)p ηµ1p(ν1)ηµ2p(ν2) · · · ηµnp(νn) (Πµ1ν1Πµ2ν2 · · ·Πµnνn) . (A.7)
The sum is over all permutations of the ν indices, with (−1)p the sign of the permutation.
They satisfy a recursion relation,
LTDn (Π) = −
n∑
m=1
(−1)m (n− 1)!
(n−m)! [Π
m]LTDn−m(Π), (A.8)
with LTD0 (Π) = 1.
In addition, there are tensors X
(n)
µν that we construct out of Πµν as follows
27,
X(n)µν =
1
n+ 1
δ
δΠµν
LTDn+1(Π). (A.9)
The first few are
X(0)µν = ηµν (A.10)
X(1)µν = [Π] ηµν − Πµν (A.11)
X(2)µν =
(
[Π]2 − [Π2]) ηµν − 2 [Π] Πµν + 2Π2µν (A.12)
X(3)µν =
(
[Π]3 − 3 [Π] [Π2]+ 2 [Π3]) ηµν − 3 ([Π]2 − [Π2])Πµν + 6 [Π] Π2µν − 6Π3µν
... (A.13)
The following is an explicit expression,
X(n)µν =
n∑
m=0
(−1)m n!
(n−m)!Π
m
µνLTDn−m(Π). (A.14)
They satisfy the recursion relation
X(n)µν = −nΠ αµ X(n−1)αν + ΠαβX(n−1)αβ ηµν . (A.15)
Since LTDn (Π) vanishes for n > D, X(n)µν vanishes for n ≥ D.
The X
(n)
µν satisfy the following important properties:
27Note that our definition of the X
(n)
µν used here differs by a factor of 2 from that of [102].
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• They are symmetric and identically conserved, and are the only combinations of Πµν
at each order with these properties:
∂µX(n)µν = 0, (A.16)
• For spatial indices i, j and time index 0,
X
(n)
ij has at most two time derivatives,
X
(n)
0i has at most one time derivative,
X
(n)
00 has no time derivatives. (A.17)
Finally, we have the following relations involving the massless kinetic operator (2.46),
E αβµν (φηαβ) = −(D − 2)X(1)µν ,
E αβµν (∂αφ∂βφ) = X(2)µν . (A.18)
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